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Abstract 

We develop a general procedure, based on the renormalized eta-cochain, 
which allows to find "local" representatives of the bivariant Chern char- 
acter of finitely summable quasihomomorphisms. In particular, using 
zeta-function renormalization we obtain a bivariant generalization of the 
Connes-Moscovici residue formula, and explain the link with chiral and 
multiplicative anomalies in quantum field theory. 
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1 Introduction 

This article is the second part of a survey about pushforward maps between 
non-commutative spaces. In the first part [21j we stated a Riemann-Roch- 
Grothendieck theorem computing direct images of primary and secondary in- 
variants between two Frechet m-algebras induced by finitely summable quasiho- 
momorphisms. By primary invariants of a non-commutative algebra we mean 
its usual homotopy invariants: topological i^-theory and periodic cyclic 

homology i?P„. The secondary invariants are multiplicative fC-theory [T^ fT5] 
and the unstable versions of cyclic homology. Recall that a p-summable quasi- 
homomorphism between two Frechet m-algebras and ^ is a continuous ho- 
momorphism p : S"^ \> where is a certain Z2-graded Frechet 

m-algebra containing as a (not necessarily closed) two-sided ideal, and 

is provided with a continuous supertrace on its p-th power. Under ade- 
quate assumptions about the algebras involved (existence of extensions etc..) 
one shows that p induces a transformation of degree —p between the long exact 
sequences relating topological and multiplicative if -theories to cyclic homology: 

ch" ip) 
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Here MK^ (jz/) is multiplicative i^-theory associated to the finitely summable 
algebra see [U]. The map p\ in multiplicative X-theory is a kind of non- 
commutative analogue of "integrating Deligne cohomology classes" along the 
fibers of a submersion. The pushforward map in cyclic homology HCn{^) 
HCn-p{S§) is induced by a bivariant non-periodic Chern character c\i^{p) G 
HCP{j!/, 3§) of degree p. Although da^{p) is given by a rather explicit formula, 
the latter is non-local and therefore of little computational use. The aim of this 
paper is to establish local formulas. 

The principle is based on the existence of a hierarchy of bivariant Chern 
characters ch"(p) e HC"{£/, 3§) in degrees n = p-\- 2k, fc e N associated to the 
quasihomomorphism, all representing the same bivariant periodic cyclic coho- 
mology class. The representative of lowest degree ch^(p) carries the information 
about secondary characteristic classes, whereas the higher degrees are stabilized 
with respect to homotopy. The difference ch"(p) — ch"~''^(p) = [d , c^"~^^ {p)] 
is calculated as the boundary of a bivariant eta-cochain. We let ^ C jz/ be a 
dense subalgebra and suppose that the components of the eta-cochain restricted 
to s^/q can be renormalized (in a sense to be precised) in low degrees. Then a 
local representative of the bivariant Chern character 

chn{p)eHCP{s^„,^^) (1) 

is obtained as an anomaly formula, that is, as the boundary of the renormalized 
eta-cochain. For example if one chooses zeta-function renormalization, the peri- 
odic cyclic cohomology class of ch/i(p) is given by a residue formula generalizing 
the one of Connes and Moscovici [7] to the bivariant setting (see Theorem l3.5l) . 
The choice of zeta-function renormalization is by no means unique, although we 
use it extensively here. It is worth insisting that any kind of renormalization 
would work as well, and the best choice is dictated by the geometric situation at 
hand. We present other types of renormalization elsewhere [35], the important 
fact being that the local bivariant Chern character always appears as a bound- 
ary. This method was inspired to us by the completely analogous phenomenon 
of chiral anomalies occuring in quantum field theory |20j . and it is one of our 
goals to explain in some details the equivalence between noncommutative index 
theory and chiral anomalies. 

As a simple illustration of the bivariant residue formula we establish the 
equivariant index theorem of |19j . in a simplified form. Let G be a countable 
discrete group acting smoothly and properly by isometrics on a complete Rie- 
mannian manifold M without boundary, with compact quotient. Suppose given 
a G-invariant elliptic differential operator D of order one acting on smooth sec- 
tion of a G-equivariant hermitian vector bundle E M. If G is provided with a 
right-invariant distance we can form the Frechet m-algebra ^ of functions with 
rapid decay over G, endowed with the convolution product. To these data one 
associates a (p+ l)-summable quasihomomorphism p : ^ S^^J''^®Si§, where 
p = dimM and ^ is a certain Frechet m-algebra completion of the algebraic 
crossed product = G^(M) x: G. Disregarding the secondary invariants, the 
topological side of the Riemann-Roch-Grothendieck theorem yields a commuta- 
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tive diagram 



The equivariant index of D is defined as the direct image IndaiD) — p\{e) 
of the canonical Une bundle [e] e K^q^{£^). In fact [e] is represented by an 
idempotent e € and zeta-unction renormalization applies. When i? is a 
Clifford module and D a generalized Dirac operator, the residue formula for the 
bivariant Chern character ch/j(p) leads to an explicit computation of the periodic 
Chern character ch(IndG(£>)) € HP-p{S§). Its components ch„(IndG(£')) S 
fi".^ in all degrees n are functions over the set G" U G""*"^, whose evaluation at 
a point g is given by a localization formula of Lefschetz type 

ch„,i„d„(D))s).|:g^l/^^_i(A/.)S!;||^ch.(.)e) , (2) 

where the sum runs over all the submanifolds Mg fixed by the element g — 
g„ . . . 51 G G when g ^ (ffi, • ■ • , 5«) or g ^ gn ■■■ go when g = (go, • ■ • , In 
[19j we actually proved a stronger version of the equivariant index theorem, 
valid for any locally compact group G with proper and cocompact action on a 
complete manifold M, which yields a representative of the entire cyclic homol- 
ogy class of ch(IndG(D)). In principle the method of proof in [l9j should be 
adaptable to our present framework with minor modifications. 

The above equivariant index theorem deals only with topological invariants: 
kI°^ and . In the last part of the paper we study secondary invariants for 
spectral triples. One thus gets quasihomomorphisms from £/ to ^ = C and the 
secondary invariants correspond to the regulator maps p\ : MK^^i{£/) 
with values in the multiplicative group of non-zero complex numbers, already 
introduced by Connes and Karoubi [5] in the context of algebraic X-theory. 
However our approach by renormalization of the eta-cochain sheds some light 
on the link between these regulators and anomalies in quantum field theory [16j . 
In fact when p is even we exhibit an explicit correspondence between the renor- 
malized eta-cochain of a regular spectral triple and the partition function of a 
noncommutative chiral gauge theory. The local representative chjj(p) computed 
as the boundary of the renormalized eta-cochain then exactly corresponds to the 
appearance of the chiral anomaly as the variation of the partition function under 
chiral gauge transformations. This allows to find an expression for the regulator 
map p\ on certain multiplicative iiT-theory classes of degree p + I, in terms of 
renormalized determinants. 

More precisely, let J^/q Tjz/q ^ be the universal free exten- 

sion associated to the dense subalgebra jz/q C and let Tsi/q be the J^-adic 
completion of the tensor algebra. In the Cuntz-Quillen formalism for cyclic co- 
homology [TOj the Chern character chfi{p) is represented by a trace over the pro- 
algebra Ts2f. Choose a unitary element (gauge transformation) g e Moo(^)~'' 
homotopic to the identity in the unitalized matrix algebra over £/q and let 
g € Moo{Ts^o)^ be its lifting under the canonical linear inclusion ^ ^ Ts^ . 



3 



Choose a transgression 9 of the Chern character of g in cychc homology of degree 
< p. Then according to PI] the pair (g, 9) represents a class in Mif^]^(j2/). In 
Corollary [13] we calculate its pushforward 

9) = exp(\/2^chH(p) • 9) Dct^^Cg) e C^^ , (3) 

where the determinant is renormalized in a way consistent with the eta-cochain. 
Hence any change of renormalization for Det^} is automatically compensated by 
the corresponding change in ch/j(p), and the result above is renormalization- 
independent. This interplay between Det/j and chjj also allows to compute 
explicitly the multiplicative anomaly, i.e. the lack of multiplicativity for the 
renormalized determinant. If g and h are two gauge transformations, denote 
by g and h their canonical liftings in Moo(r^)+ and gh the lifting of gh. 
Then h~^g~^gh — 1 is an element of the pro-nilpotent ideal Moo(JM)) and the 
logarithm hi(h~^g^^gh) is defined by the usual formal power series. Corollary 
14.61 gives 

T)etR{gh) = exp (chj^ (p) • Tr InCh^^g-^^)) Det,? (g)Detfl(/i) (4) 

as an immediate consequence of the fact that the regulator pi : MK^_^i{£/) 

is a morphism of abelian groups. It would be interesting to generalize these 
computations to target algebras ^ <C, e.g. to establish noncommutative ana- 
logues of higher analytic torsion. 

The paper is organized as follows. In section [5] we recall the construction of 
the bivariant Chern character for quasihomomorphisms and the Riemann-Roch- 
Grothendieck theorem of [21], then we explain how to obtain local representa- 
tives of the bivariant Chern character by taking the boundary of a renormalized 
eta-cochain. We illustrate this general procedure in section [3] with zeta-function 
renormalization leading to residue formulas, and treat as an example the equiv- 
ariant index theorem for proper actions of discrete groups on manifolds. The 
link with anomalies in quantum field theory is explained in section [4] where 
we exhibit the explicit correspondence between the renormalized eta-cochain 
and the partition function of a noncommutative chiral gauge theory. As a con- 
sequence we interpret the index map and the Connes-Karoubi regulator of a 
spectral triple in the light of chiral and multiplicative anomalies. 

2 Bivariant Chern character and eta-cochain 

In this section we recall the Riemann-Roch-Grothendieck theorem of [IT] and 
establish the general philosophy of the anomaly formula giving a "local" rep- 
resentative of the bivariant Chern character. As in we work with Frechet 
m-algebras, i.e. metrizable complete locally convex algebras whose topology is 
given by a family of submultiplicative seminorms. Equivalently, a Frechet m- 
algebra is always the projective limit of a sequence of Banach algebras [23]. 

We say that a Frechet m-algebra is p-summable (with p > 1 an integer) , if 
there is a continuous trace J^^ ^ C on the pth power of J^. By convention, 
is the image of the completed projective tensor product ^(8) . . . (8) {p times) 
by the multiplication map in If ^ is any other Frechet m-algebra, the 



4 



completed projective tensor product .f®!^ is again a Frechet m-algebra. In 
we consider algebras S' containing as a (not necessarily closed) two- 

sided ideal, subject to the condition that the semi-direct sum S k J^^SS is a 
Frechet m-algebra. This is depicted as 

S\>J®SS. (5) 

From S and its ideal we associate a Z2-graded algebra = ® S'f_ 

with ideal J'^®SS^ using 2x2 matrices. In particular comes equipped with 
an odd multipher F such that F"^ ~\ and [F, (ff ] C Jt®SS. This construction 
can be done in two different ways, depending on a choice of parity: 

Even case: let — S ^ J'^SS be the trivially graded algebra represented in 
M2{S) by diagonal matrices ("J'' °) with a e ^ and h S J'^SS. Then is the 
direct sum of and the odd subspace St = FSt^ represented by off-diagonal 
matrices, with F = (? J)- The Z2-graded algebra = M2{J') is the direct 
sum of the subalgebra of diagonal matrices and the off-diagonal subspace 
Jt- 

Odd case: let be the trivially graded matrix algebra The 
first Clifford algebra C\ = C ® eC is the Z2-graded algebra generated by the 
unit in degree zero and e in degree one, with — \. Then §^ is the tensor 
product Cx®Sl = © (Tf , with odd subspace St = eS^. The multipher F 
is given by the matrix e( J and J^'^ = Ci®M2{^) is the direct sum of the 
trivially graded subalgebra — M2{J^) and the odd subspace J^t — eM2{J^)- 

Definition 2.1 Let £/, 3§, J' , S be Frechet m-algehras. Assume that J' is p- 
summable and J'^S^. A quasihomomorphism from to S§ is a continuous 
homomorphism 

p:s^^S'']> y'®^ (6) 

sending si to the even degree subalgebra S!^. The quasihomomorphism is pro- 
vided with a parity (even or odd) depending on the parity chosen for the con- 
struction of . In particular, the linear map a € jz/ i— > [F,p{a)\ € ^t®S8 is 
continuous. 

This definition is adapted from [5]. Roughly speaking, a quasihomomorphism 
of even degree is described by a pair of homomorphisms (p+ , P- ) '■ ^ S such 
that the difference p+{a) — p-{a) lies in the ideal J^^SS for any a G si . A 
quasihomomorphism of odd degree is a homomorphism p : si ^ M2{S) such 
that the off-diagonal elements land in .^®SS. 

Recall that the cyclic homology of a Frechet m-algebra ^ is computed by 
the cyclic bicomplex of non-commutative differential forms = ®„>o 

where = ^+(g)^®"- is the space of n-forms {^~^ denotes the unitalization 

of ^). The Hochschild operator b : 17"^ Q.'^-^SS and the boundary map B : 
-> rj"+i^ are defined in the usual way One has P = B'^ = bB -\- Bb = 
and the Z2-graded space of completed differential forms fl^ = nn>o ^"-^ 
endowed with the boundary map b + B calculates the periodic cyclic homology 
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HP^,{3^). The various filtrations of this complex by degree leads to the non- 
periodic versions of cyclic homology. See [21j for a review. An alternative 
description of cyclic homology is provided by the X-complex TD^. If ^ is a 
Frechet m-algebra one consider the Z2-graded complex 

b 

where the odd part il^^t, is the quotient of il^^ by the subspace of commutators 
ri^^] = bn'^^. The boundary map \\d : ^ ^ 9}^^^ sends an element 
X e ^ to the class of the one-form tjda;, and the boundary map 6 : fi^^i, Si 
comes from the Hochschild operator h{^xA.y) = [a;,?;]. The main result of jlOj 
adapted to Frechet m-algebras states that if ^ is a quasi-free extension of S§ 
with continuous linear splitting 

the X-complex of the pro-algebra ^ — lim ^/^" computes the periodic 
cyclic homology HP^,{l3§). Note that each power is defined as the im- 
age of ^(8) . . . (8) ^ {n times) by the multiplication map, and as topological 
vector space is a direct summand in the quasi- free algebra Si (see [9]). One 
gets the non-periodic versions of cyclic homology by considering the filtrations 
of X{[%) by the subcomplexes 

FyX{Si) : + ^ l]/"dif (8) 

where the commutator [^",^] is by definition the image of ^"d^ under 
the Hochschild operator 6, and is defined as the unitalized algebra for 
n < Q. This is a decreasing filtration and X{Si) coincides with the projective 
limit of the quotient complexes 

Xr,{^.,f)^X{M)lFyx{Sg). (9) 

The non-periodic cyclic homology of HCn{S§) is the homology in degree n mod 2 
of Xn{Si, f). Note that X{S) is fihered by the subcomplexes f) = 

Ker{X{Si) Xn{^, ^)). If jz/ is another algebra with quasi-free extension 
5^ ^ —'■0, the bivariant periodic cyclic cohomology HP'^{£/, S^) 

is the homology in degree n mod 2 of the Z2-graded complex 

}iom{X{.y),X{^)) =lim(^lim}iom{Xk{.y,._T),Xrn{S?, . 

m k 

The non-periodic bivariant cyclic cohomology HC"{£/,^) is the homology in 
degree n mod 2 of the subcomplex of bivariant cochains with order n: 

nom^{X{y),X{M)) = {/ e Hom | Vfc, JT)) C F^X{M,/)} . 

Finally, one can build a chain map 7 : X{Si) — s- realizing a homotopy equiv- 
alence between the X-complex and the (&-|-i?)-complex of differential forms over 
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Using this formalism, a Chern character in bi variant cyclic cohomology 
HC^{£^ is constructed in [5T] for any p-summable quasihomomorphism 
p : S'^ \> J''^®^ of parity -p mod 2, in all degrees n = p + Ik, k > 0, 

provided the algebra S' t> J'®SS satisfies some admissibility conditions. Let us 
choose as in [3T] two quasi-free extensions of and ^ admitting continuous 
linear splittings 

where Ts^ is the non-unital tensor m-algebra over jz/, and Js^ is the ker- 
nel of the multiplication map Tsi . The existence of a bivariant Chern 
character in iJC"(^, c^) is guaranteed if the algebra S > J^^SS admits a Si- 
admissible extension in the following sense: there exists two algebras ^i>^®Si 
and jY > J'® ^ and a commutative diagram of extensions (with continuous lin- 
ear splitting) 

^JY ^.M ^0 

(10) 

^ J® J — ^ J®S^ — ^ j®m — ^ 

with adequate properties listed in [51], Definition 3.2. Note that the algebra 
^ is not necessarily quasi-free. The bivariant Chern character in HC^^s^ 
is represented by a chain map between the X-complexes X(T^) and X{M), 
compatible with the adic filtrations induced by the ideals Js^ and ^ . The first 
step is to lift the quasihomomorphism to the quasi-free algebras Tjz/ and 
using the diagram of extensions pU|) . To ^\>^®^% we associate the Z2-graded 
algebra t> with multiphcr F such that C In the 

same way, we have o ^^(g) ^ with [F, .yf^"] C .^t® ^ . Then we get an 
extension of Z2-graded algebras 

which are moreover differential algebras for the differential operator of odd de- 
gree induced by the graded commutator [F, ] . The restriction to the even-degree 
subalgebras yields an extension of trivially graded algebras J/^ 
<Cf — > 0, split by a continuous linear map a : ^ by hypothesis. The 
universal property of the tensor algebra Tsi then allows to extend the homo- 
morphism p : sY ^ to a continuous homomorphism : TsY by 
setting p*(ai (g) . . . ® a„) = <yp{a\) ® . . . ® ap{an)- 

^ j£/ ^ T£/ ^ £/ ^ 

p, p. p (11) 
^ ^ -^^ ^—^ SI ^ 

A priori depends on the choice of linear splitting cr, but in a way which 
will not affect the cohomology class of the bivariant Chern character. This 
construction may be depicted in terms of a p-summable quasihomomorphism 
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: Ti/ > compatible with the adic fihration by the ideals 

in the sense that J is mapped to J/^ > ^ . Hence, extends to a 
quasihomomorphism of pro-algebras 

p^:fs^^Jg'l>J'®M, (12) 

where T^, and ^ are the adic completions with respect to the ideals J^/, 

and ^ respectively. The bivariant Chern character ch"(p) e HC'^{,s^ 
then exists in any degree n = p-\-2k, fc > and is represented by the composition 
of chain maps 

ch"(p) :X(f^)-^17f^/-^a^^X(ii) , (13) 

where 7 is the homotopy equivalence and the homomorphism extends to non- 
commutative differential forms in any degree. The chain map has only two 
non-zero components xJJ : fi"^^ — > ^ and Xi '■ ^"^^^^ — > fi^^i^ defined by 

r(i + 2) 

xJJ(a;odxi...dx„) ==(-)"—— ^ e(A) r(a;A(o) [-F", a:^A(i)] • • ■ a;A(„)]) 

rfl + li) 

X?(a;oda;i . . . dx„+i) = (-)" / , V r^(xo[F, . . . da;, . . . [F, x„+i]) 

(n + 1)! ^ 

where r is induced by the supertrace on the n-th power of .y^ when n > p. 
Sn+i is the cyclic permutation group over n+l elements. For any a; G the 
commutator [F, x] lies in the ideal J^^^^ hence x" is well-defined whenever 
n > p. See [H] for details. In fact it is possible to weaken the summability 
degree and require to be only (p + l)-summable, while replacing r by the 
supertrace r' = ^t{F[F, ]). Note that the parity of these supertraces, as well as 

the parity of the cocycle x" G Hom(n^^, X(^)) coincide with the parity of the 
quasihomomorphism. As shown in [21j . the composite map ch"(p) — x"P*7 is 
compatible with the adic filtrations induced by the ideals J^/, ^ and defines a 
cocycle of order n in the Z2-graded complex Hom(X(rj2/), X(^)) representing 
a bivariant cyclic cohomology class in iJC"(j2/, .5^). The cocycles corresponding 
to successive values of n > p are related by the transgression formula involving 
the eta-cochain 

X" - x"+^ = [9, ?r+^] in Hom(a^,X(^)) , (14) 

where d denotes either the boundary operator on or on X(.^), and [ , ] 

is the graded commutator. The eta-cochain is a cochain in the complex 
Hom(J7^^, X(^)) of parity opposite to the quasihomomorphism, whose only 
non-zero components 5]^+^ : 17"+^^ ^ and 77"+^ : 0"+^^ n^^^ are 
given by 

r(«: + 1) 1 / 

^o+^(xodxi . ..Axn+i) = -T[Fxa[F,xi] . . . [F,x„+i]-f 

n+1 

X,]... [F, Xn+i]Fxo[F,x,] . . . [F,a;,_i]) 

i=l 
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^+^(xoda::i . . .dx„+2) = 

, ^ T^T-WxoF + (n + 3 - i)Fxo)[F, xi] . . . dx, . . . [F, Xn+2] ■ 

i—l 

Again the composite map 9h"^^(p) — rf'^^^p^.j has good adic properties and 
the transgression formula ch"(p) — ch"^^(p) = [d, 9h"^ (p)] holds as cochains of 
order n + 2 in the Z2-graded complex llom{X{Tj2/), X(^)). This implies the 
equality 5'ch"(p) = ch"+^(p) in i7C"+2(^,^). In particular the Chern char- 
acters associated to different values of n represent the same bivariant periodic 
cyclic cohomology class ch(p) S H P"^ {si/ , , i = p mod 2. 
Another important property of the bivariant Chern character is its invariance 
under two types of equivalence relations among quasihomomorphisms, namely 
conjugation and homotopy (f2T, Proposition 3.11). If two quasihomomorphisms 
p and p' are conjugate, then ch"(p) = ch"(p') in HC^{£/ , ^) in any degree 
n. If however p and p' are homotopic, one has only S'ch"(p) = S'ch"(p') in 
_ffC"+^(j2/, ^). Thus in any case the periodic cyclic cohomology class is invari- 
ant. 



The bivariant Chern character was used in [51] to define direct images of 
secondary characteristic classes for Frechet m-algebras. Recall that for any 
such algebra and finitely summable one has a long exact sequence of 
abelian groups 



where kI"^ is the topological iC-theory of Phillips [l^, ffC* is non-periodic 
cyclic homology, and MKf is multiplicative if -theory. The Rieniann-Roch- 
Grothendieck theorem of |21| establishes the way a quasihomomorphism p : 
£/ S^^J'^^^^ maps the long exact sequence for to the long exact sequence 
for 3§. We say that the finitely summable algebra is multiplicative if there 
exists an external product H : — > J" compatible with the traces (|2T] 
Definition 6.1). Then one has 

Theorem 2.2 ([21j) Let si , he Freehet m-algebras, and choose a quasi- 
free extension 0-> ^^^^^^0. Let p : £/ ^ > J^'^SS he a 
quasihomomorphism of parity p mod 2, where is multiplicative and {p -\- 1)- 
summable in the even case, p-summable in the odd case. The algebra S > J^®SS 
is supposed -admissible. Then p induces a graded- commutative diagram 



T^top 



-AfK„^K) 



p>. 



^top , 



The vertical arrows arc invariant under conjugation of quasihomomorphisms; 
the arrow in topological K-theory X*°P(^(g)^) iir*'^p(j^(g)^) is also invari- 
ant under homotopy of quasihomomorphisms. 

Let us now describe the simple trick allowing to obtain local formulas rep- 
resenting the cyclic cohomology class of the bivariant Chern character. We 
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suppose that the quasihomomorphism p : sz/ \> is of parity p mod 2 

and summabihty degree We collect all the components of the eta-cochain 

1 n > p, into a single infinite sum: 

r/>P = ^ 5f +2*^+1 e Hom(17^,X(^)) . (15) 

k>0 

Observe that rj''^ does not vanish on the space of m-forms for m suffi- 

ciently large, hence it is only defined on the direct sum = 0„,>o 

and not on its completion f2^_^ = Y[m>o^"^'^+- Following the terminology 
of Higson [12j . we may call it an improper cochain. Its parity is p + 1 mod 2. 
Taking the boundary of r]-^P in the Z2-graded complex Hom(f2./#^, X{^)), we 
get, using the transgression formulas (fT4|l : 

£P = [d, rj>P] (16) 

and it is again a (non-trivial) proper cocycle in Hom(ri^^, X(.!%)) representing 
the bivariant Chern character. This may be depicted through the diagram 

1 / \ / \ / \ 

[d,r]>P] ^ + + + + ■■■ 

We would like to sum also the components j^'+i of lower degree, but of course 
when n < p the product xo[F, xi] . . . [-F, Xn+i] is no longer in the domain of the 
supertrace t, and fp^^ is not defined. At this point we need to introduce a 
renormalization procedure: suppose we can extend r to a linear map Tfj defined 
over non-trace-class elements, for example by inserting some regularizing oper- 
ator. It is customary to call such a renormalized supertrace, although the 
trace property cannot be preserved in general |20j . In practice the construc- 
tion of a renormalized supertrace requires to impose some strong conditions on 
the elements Xi S We shall suppose the existence of a dense subalgebra 

£/q C jz/, such that for any Xi G p+Tjz/o the renormalized components of the 
eta-cochain 

r(2i -I- 1) 1 / 

77^+^(a;oda;i...dx„+i) = -j-^^-^ -tr[Fxo[F, xi] . . . [F, Xn+i] + 

n+l 

. . . [F,Xn+,]Fxo[F,x,] . . . 



VFiVi^odxi . . .dxn+2) = 

, , V --^RiiiixoF +{n + 3- i)Fxo)[F, xi]...dx^... [F, Xn+2] 
(n-t-3)! ^ 2 

are well-defined. The restriction to a dense subalgebra £/o is necessary because 
appears generally as a "big" completion of x/q and looses some crucial analytic 
properties. For instance if x/q is an algebra of pseudodifferential operators on a 
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smooth manifold, tr may be constructed by zeta-function renormalization (see 
section|3]for concrete examples). Other interesting renormalizations are possible 
[22]. Note that ^ is regarded as a discrete algebra. Hence Tj^q denotes the 
algebraic tensor algebra of i.e. obtained by taking algebraic tensor products 
over s^Q and finite direct sums, the ideal Jjz/q is the kernel of the multiplication 
map Ts^Q s^Q and Ts^q = lim ^^ T s/g / {J s^q)^ is the Js^^-a.A\c completion of 

Now define the full renormalized eta-cochain as the improper cochain 

fe<0 

Hence the difference rj^ ~ ry^'P is the finite sum of renormalized components and 
defines a proper cochain, i.e. vanishes on xodxi . . . dx„ for n sufficiently large. 
The following lemma is obvious. 

Lemma 2.3 Let d £/ be a dense subalgebra. For any choice of renor- 
malized supertrace tr the boundary XR ■= [t^j ^•s ^ chain map cohomolo- 
gous to once restricted to the image p^Ts/q C Hence the compos- 

ite chfl(p) = XrP*1 G 'iioTii{X [T s^^a) t ^ {^)) represents the bivariant periodic 
Chern character: 

chfl(p) = ch(p) e i7F"(^o, m (18) 

in degree n = p mod 2. Moreover if the composite map (jjn — ry^P)p*7 : 
X(T£/q) —f X{.^) is a cochain of order < n, then chji(p) represents the bi- 
variant Chern character of degree n: 

chfl(p) = ch"(p) e i7C"(^o,^) . (19) 

Proof: The difference chji{p) — ch^ip) = [d, {rjn — ?/^^)p*7] is a coboundary in 
Hom(X(f^o),^(^))- ■ 

The way the components of the cocycle XR assemble from the renormalized 
improper cochain rjn may be depicted through the following diagram, using the 
transgression relation x" ^ x"^^ = [d, rf^~^^] valid for n > p: 

VR= ... + fi^'j^^ + + fjP+^ 

[^^li / \ / \ / ^ 

XR-...X7' + xr' + + 

The components Xr thus measure to which extent the renormalized eta-cochain 
fails to be a cocycle. In this sense the equality XR — [9, Vr] should be called 
an anomaly. In favourable circumstances renormalization can be performed in 
such a way that the anomaly XR is given by a "local" formula. This will be 
explained in the next section. 

In order to get a closer insight to the link with chiral anomalies let us explain 
how the renormalized eta-cochain can be used to calculate direct images of 
if*°''-classes under quasihomomorphisms of even parity. Hence let p : 
£'s ^ be a (p -|- l)-summable quasihomomorphism of even parity, with p 



(20) 
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even. We suppose that ^ is the Schatten ideal of (p+ l)-sunimable operators in 
Hilbert space, since it is an important source of examples. The topological part 
of the Riemann-Roch-Grothcndieck theorem 12.21 yields a commutative diagram 



top^ 

' (21) 



ch(p) 

and one wishes to calculate the diagonal map A. From cyclic cohomology in- 
variants of S§ one thus gets iiT-theory invariants of ^ ; this is used for instance 
in the formulation of higher index theorems [S]. A topological if-theory class 
[g] G is represented by an invertible element g € {,y®s^)^ such 

that 3 — 1 £ J^(g)j2/ (as usual denotes unitalization). The diagonal of (PT|) 
thus carries [g] to the periodic Chern character c\i{p\{g)) e HPi{3^). By com- 
mutativity of (I^Tj) . its cyclic homology class is equivalcntly calculated by the 
cup-product of ch{g) E HPi (s/) with the bivariant Chern character 

ch(p,(5))^ch2"(p).ch(5) 

for any choice of degree 2n > p. In order to renormalize we suppose given a dense 
subalgebra ^/q C and take g such that g — 1 belongs to the algebra of finite 
size matrices Moo(^o) C ^®si . By [TU], the Chern character <A\{cj) £ HPi{s^q) 
is represented by the cycle of odd degree in the complex X{Tsi^q) 

chi(5) = -i= Tr^r'dp e n\fs^o\ , (22) 

where g is any lifting of g to the unitalized tensor algebra MaoiTs^Q)^ . If one 
chooses the canonical lifting g = g induced by the linear inclusion £/q ^ T^/q, 
then the image of chi(g) by the homotopy equivalence 7 : X(T^) UTs/q is 
the (6 -f S)-cycle [H] 

7chi(5) - -l=5](-)"n!Tr(g-M5(dr'dg)") . 

The evaluation of this differential form under the chain map x^"P* • i^r^/o ^ 
X{T£§) represents the cycle ch^"(p) • ch{g). Let us define V = p^g^^[F, p^,g] 
as an element of the ideal ,f^®T^^§ C and the Maurer-Cartan form lu = 
p*u~^d(p*w). A straightforward computation gives 

ch2"(p) . chi(5) = -i=^ ir^(l^2n+2^ _ FV'-dV) G n'f^i, (23) 
V27ri (2n)! 2 

in any degree 2n > p. In fact for 2n > p one has irl:|(F^"+^w — FV^^^dV) = 
rt](T/^"tt'), but this simplification does not occur in the critical degree 2n ~ p 
because the supertrace r is defined only when V is raised to a power > p + I. 
Two consecutive degrees are related by the transgression relation 

ch2"(p) . chi(5) - ch2"+2(p) . chiCg) - ^d(9h^"+i(p) . chi(5)) . 
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Since the boundary map [\d : TSS ^^TSS>^ factors through the commutator 
quotient space = TSS/[ , ] it is enough to compute (^^"^^(p) ■ chi(g) 

modulo commutators and one finds 

^9ii^"+^(p) . chi(5) = UiFV'-+') G f^^ (24) 

V27r« (2n + 1)! 2 

for 2n > p. In lower degrees the cochains (^^j^^^{p) = r}'^~^^p*j are defined 
using a renormalized supertrace. Therefore the renormalized bivariant Chern 
character chji{p) = xrP*1 evaluated on chi(g) reads 

p/2-l 

ch^(p) . chi(g) = ^ 9hfl +'(P) • chi(.g)) + ch^ (p) • chi(g) , (25) 

and represents the image of [g] G K'^°^{,y^£/) under the diagonal map of ([2T|) . 
i.e. the Chern character ch(p!(5)) G HPi{^). It may be rewritten formally as 
the boundary of an infinite sum 

chnip) ■ chi(g) = 9hfl^'(p) ' ^Mg)) , (26) 

n>0 

provided we organize the cancellation of the infinite sequence of terms n 3> as 
depicted in ^U\i . We will see in section U] that it can be done in an alternative 
way by treating the sum J^n'^R^ (p) ' clii(5) as a formal power series with 
respect to a "gauge potential" A, and this series is strictly equivalent to the 
renormalized partition function of a non-commutative chiral gauge theory. The 
Chern character c]i(p\{g)) corresponds to the associated chiral anomaly and for 
this reason is always given by a local formula. 

3 Zeta-function renormalization and residues 

Let us illustrate the anomaly formula using Dirac operators and zeta-function 
renormalization. Theorem 13.51 obtained below is a bivariant generalization of 
the Connes-Moscovici local index formula [7]. Consider a {p + l)-summable 
quasihomomorphism p : — > (f ^ > J'^^SS of parity p mod 2. For concreteness 
we suppose that a Z2-graded Hilbert space H is given and that is realized as 
a Z2-graded subalgebra of ^{H)®^, where the algebra of bounded operators 
^(Ji) is provided with the operator norm. Moreover we take J^* as the Schatten 
ideal Ji'^^^{H) gifted with its norm of Banach algebra. This situation is not 
the most general one but contains many interesting examples, see 13.61 The 
quasihomomorphism is thus described by a homomorphism p : jz/ ^ ^{H)'^S§ 
with [F,p{a)] G ^p^^{H)®S§ for any a G In order to get local formulas 
for the bivariant Chern character we restrict the homomorphism to a dense 
subalgebra s/q G and impose some strong regularity conditions on the image 
p(j2^). We shall introduce the notion of abstract pseudodifferential operators 
associated to such a situation: 

Definition 3.1 Let p : ^ l> J'^®!^ he a quasihomomorphism with (f* C 
^(H)®Sg and J" = ^P+^(iJ) /or some l.-i-graded Hilbert space H. An algebra 



13 



of abstract symbols associated to a dense subalgebra ^ C .g/ is an inductive 
limit of Z2-graded Frechet spaces 

^ = Urn , (27) 

aGR 

with continuous linear injections ^0 for a < (3, subject to the following 

conditions: 

• Each space is represented by unbounded operators on H. The unit 1 
and the operator F are both elements of ^o, respectively even and odd. 

• ^ is a Z2-graded unital filtered algebra, in the sense that for any a and /3 

there is a (jointly) continuous and associative product x -^p ^ -^a+fh 
and 1 G j3^o is the unit. In particular is a Frechet algebra whenever 
a<0. 

• The Z2-graded algebra injects continuously into .^{H), and the ho- 
momorphism p : ^ factors through 

• The commutator [F, p(a)] lies in the Frechet algebra !^-\®^ if a G s/q. 

• The (unital) filtered algebra = lim^ ^a®^"^ has a distinguished 
element of even parity \D\ G ^10^+, whose spectrum is contained in a 
real interval [e,+oo), e > 0. 

• The resolvent A i— > (A — is a bounded and holomorphic function 
over any half-plane Re(A) < e' < e disjoint from the spectrum of\D\, with 
values in the Frechet algebra ^-\®^^ . 

• The multiplier F e commutes with \D\. We call the odd element 
D = F\D\ e ^i(g)^+ a Dirac operator. 

For a < we do not impose that the Frechet topology of is multiplica- 
tively convex. The only serious assumption is about the resolvent. 
Let 0^ >Obea linearly split extension of m-algebras. For 

the moment ^ is not necessarily quasi-free but we suppose that all the powers 
are direct summands (as topological vector spaces) in .S?. Using the linear 
splitting a : — > we may lift \D\ G to an element \D\ G , 

and then consider \D\ as an element of the unital algebra 




Define the lifted Dirac operator (of odd parity) as D = F\D\ G . 
Our task is to construct the resolvent of ll?! in ^(8)^+. For A e C not in the 
spectrum of I _D I, the liftings ct(A- ID]) = A-|i3| G ^i(g).^+ and cr((A-|i:)|)-i) G 
are inverse of each other in the algebra !^®!%^ modulo the ideal 
^0 ^ . Hence by the continuous multiplication x — > one gets 

1 - a(A - \D\)u{{\ - \D\)-^) G 3^^®/ . 
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Because ^ is a pro-nilpotent ideal the resolvent of |_D| is given by the series 

oo 

(A - \D\)-' = J2 ^((A - l^l)-')(l - (A - \D\)a{{X - IDI)-'))' (29) 

fc=0 

which makes sense m the pro-algebra . By hypothesis the function 

A (A — is bounded (for aU seminorms on and holomorphic 

over any half-plane Re(A) < e' disjoint from the spectrum of \D\. Consequently, 
shows that the function A i— > (A — is also bounded and holomorphic 

in each Frechet space ^_iig)(^+/ J^), k£N. The complex powers of 1 1? I are 
thus defined, for any z G C with Re(z) < —1, by means of the Riemann integral 

\D\'- - / ^\ dX € , (30) 

where we integrate down a vertical line separating zero from the spectrum of jZ?! 
as in [12]. The condition Re(z) < — 1 ensures the absolute convergence of the 
integral. By taking enough products with |_D| £ we define the complex 

powers li^l^ € a^^S^^ for any z e C. By a classical argument one has the 
group law \bY^\bY'^ = which implies that belongs to S^a®^"^ 

where a is the lowest integer > Re(z). For convenience we make the further 
assumption that \DY G ^Yu^iz)®^^ ^ and when Re(z) <C it will be used for 
regularizing the operator trace in order to renormalize the eta-cochain in 
degrees n < p. 

The bivariant Chern character requires to lift the homomorphism p : ^ 
S^(H^®S^ to a homomorphism of pro-algebras p* : Tsi J^C{H)iS)^, sending 
the ideal Jsz/ to ^{H)^ ^ . By hypothesis, the restriction of p to the dense sub- 
algebra jz/q yields a homomorphism jz/q ~* ^o®^, with [i^, p(j3<o)] C 
Consequently the restriction of p* to the pro-algebra Ts^q = lim ^^ Tsz/q/ (J^/q)^ 

yields a homomorphism T^/q ^ ^o®^ with Jjz/q 3^q® ^ and [F, p+T^/o] C 
Writing D — F\D\ we can only show that the commutator subspace 
[£>, p^Tjz/q] is contained in 3^\®Si^ while a better estimate is needed. Hence we 
shall adapt to the present context the notion of regularity introduced by Connes 
and Moscovici for spectral triples [7]. By assumption the pro- vector space ^ 
is a direct summand in and also the ^-adic completions of all powers 
. Define the filtration of by the subspaces 

fc>0 

with the convention that = for /c — 0. In we call a the symbol degree 
and k the adic degree. One has • C £ ■^rc{z)^ P*f C ^(?, 

[F,p*f^o] C p*(JM))'' C .^^ and [F, p^{j£/o)''] C ^ll^. Consider the 

derivation S — [\D\, ] on the algebra ^^M. Since \D\ £ the commutator 
S a priori defines a linear map from to ^a^^^i for any a and k. The 

regularity condition basically requires that all the derivatives of T^/q remain in 
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Definition 3.2 Let 0^ ^^iM^^^Obean extension of m-algebras, 
and p : si ^ t> J'^®SS a quasihomomorphism gifted with an algebra of 
abstract symbols associated to a dense subalgebra s^q C si . We say that p is 
J^-regular if the powers of the derivation 5 — [|-D|, ] fulfill 

<5"(p4jM))') + '5"[5,p,(jM))1 c + + • • • + c .^_fe . 

Hence roughly speaking a quasihomomorphism is regular if the commutators 
with \D\ can only increase simultaneously the symbol degree and the adic degree. 
In this sense the images of Tsi^ and Jsi^ are "smooth" in 3^^^%. In particular 
if ^ = ^ = C one recovers the Connes-Moscovici regularity condition that 
5'^p{s/o) and i5"[D, p(i2^o)] are contained in some algebra of abstract symbols 
3^0 C ^{H). In the general case regularity strongly depends on the choice 
of extension for example the tensor algebra ^ = leads to a regular 
quasihomomorphism only in very special cases. 



Example 3.3 Definition 13.21 is motivated by the classical example of families 
of pseudodifferential operators parametrized by a smooth manifold M. Define 
3i as the commutative Frechet m-algebra C°°{M), possibly subject to some 
decay conditions at infinity. Its completed projective tensor product with the 
algebra of abstract symbols ^ is thus an algebra of smooth families of symbols 
parametrized by M . Suppose now that the product of symbols fulfills the clas- 
sical property that the commutator [3^a, ^/i] is included in £Pa+f3-i- In other 
words, the product is commutative at the level of leading symbols. Hence if 
\D\ E is a family of order one, the commutativity of implies 

Now let 51+ (M) be the space of differential forms of even degree over M. We de- 
form the ordinary commutative product of differential forms into the associative 
and non-commutative product defined by Fedosov [II 

X o y = xy — dxdy Vx, y € Vt^ (M) , 

and denote by M the non-commutative algebra thus obtained. The projection 
of differential forms onto the degree zero subspace C°°(M) yields an extension 
of Frechet m-algebras 0^ ^^^^,^^0, where ^ is the ideal of 
differential forms of even degree > 2. Because ^ is nilpotent, one has ^ = ^ 
and ^ = ^ ■ The canonical linear injection of into M allows to lift \D\ 
to an element \D\ e 3^\®!^^ . Now the derivation defined by the Fedosov 
commutator S = [\D\, ]o does no longer preserve the symbol degree since ^ is 
not commutative. Instead, for any clement x E S^a® — one has 

8{x) = \\b\,x\o = \\D\.x\ - d\b\dx + dxd\b\ . 

Here x] is the commutator involving the ordinary (commutative) product 
of forms, hence remains in .9^^. This shows that C -f- ^^1^ and by 

iteration one gets the filtration property 
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This fails when Si is replaced by the tensor algebra over SS^ unless l-D] G ® 1 
is a constant symbol over M so that d\D\ = 0. Note that because M is not 
quasi-free the homology of X(i^) is not isomorphic but contains the de Rham 
cohomology of M |10] . For a general quasihomomorphism we only need to 
demand that the filtration property above holds on the image of Tjz^q in &^®Si. 

Now we return to the general case and assume that the quasihomomorphism 
is regular. Define the algebra of abstract pseudodifferential operators as the 
(non-closed) subalgebra of !^®Si generated by p^Ts/o, F and all the complex 
powers \DY , and such that its elements contain at least one factor in p^,T£/q. 
Any abstract pseudodifferential operator is a linear combination of elements 
X € '^£^0 having an asymptotic expansion 

x^Y.^ak+bkF)\DY'-\ zee, (31) 

fe>0 

where and bk are in the subalgebra of J^q generated by all the derivatives 
(5"(p*T^o) and (5"[-D, p^Ts/o], and ~ means that the difference x — J2k=o(^k + 
bkF) \D\^~^ lies in ^rc{z)-n-i for any N E N. The fact that any element 
has an asymptotic expansion is a consequence of the formula (whose proof is 
identical to pjj Lemma 4.20) 

ail^r^ -a^lBr^ [2)ai'5*^(a2)|5ri+-^-'= , (32) 

k>0 ^ ^ 

where (^) is the binomial coefficient ^ 'pjjg algebra "^si/q is fil- 

tered by the subspaces (^'^o)q = n ^„ ; one has x G (*M))q if and only if 
x\D\~°' e (5'j2/o)o- In particular, for any x € p*T£/o the commutator [F,x] be- 
longs to (\E'j2/o)° 1. More generally for any elements Xi e ( Jjz/q)''' the product 
xq[F, xi] . ■ .[F, Xn] is a pseudodifferential operator in (vl/M))^n with k = ^i- 
Similarly we would like to consider a one-form xq[F, xi] . . . dxi ■ ■ .[F, Xn+i] as a 
kind of pseudodifferential operator in an appropriate subspace of the universal 
^«)^+-bimodule 

:=lim(^a(^^+)d(^^(g)^) . (33) 

a,/3 

Note that here ^+ is view as a unital algebra, so the universal derivation 
d : ^^{S^^Si) vanishes on the subspace by definition. Since 

^ is a Z2-graded algebra, d actually anticommutes with odd elements and the 
Leibniz rule reads A{xy) = dxy+ (— )''^'a;d?/. Moreover the Hochschild operator 
b : Sl^(^(g)^) S^^M is the graded commutator b{xdy) = (-)l=^l [2;, y]. Then, 
filter by the subspaces 

{n^^t^ ^ ^i,d^;\ (f7i^)„ = ^(f^i^)^+, 

f}+-f=a k>0 
l+m—k 

for any a G R and /c e N. We denote improperly by Q^^-s/o C f7^(^(g)^) 
the (non-closed) subspace of abstract pseudodifferential operators, generated 
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by products of p*T^o, F, \D\^ together with thch d-dcrivatives, and such that 
at least one factor comes from p^^Ts^Q. Let t] be the projection of onto 
its quotient by the commutator subspace Any abstract 

pseudodifferential operator in [\n^'i£/o is a hnear combination of one- forms uj 
having an asymptotic expansion 

io^Y. + Fbk)\Dr'^dck + (4 + Fb',)\Dr'^-'d\D\) , (34) 

fc>0 

where as before a^, bk, a'f., b'f. and Ck are in the subalgebra of generated 
by the derivatives 6^{p^T£/), 6^[D, p^T^/], and ~ means that the difference 
^ - Ek=o ((ofc + hF) IDI^-Mcfe + . . . ) Hes in ^(r!i^)Re(.)-^-i^ for any N S 
N. Indeed, the integral formula ([30]) and the identity d(A — |-D|)"^ = (A — 
|Z3|)^^d|Z3|(A — l-D])^^ yield the asymptotic expansion 

d|5r ^ J2 (l){-)''-'\Dr's''-\d\D\) , (35) 
fc>i ^ ^ 

hence for any a one gets tld(a|i5|^) ~ \]\D\''da + J2k>iik)\]S''-^{a)\D\''-''d\D\. 
This shows that any element of tjO^^^ has an asymptotic expansion. Since 
^'i2^o is an algebra, the Hochschild boundary b clearly sends l^n^VP^o to ^£/o, 
and [\d maps ^'jz/q to IjJl^^'^ by construction. Moreover fl^'^si/o is filtered by 
the subspaces (ft^'^^/o)^ :— ri^^^jz/o H (r2^=^)J|,, and the obvious compatibility of 
the filtrations with the boundary maps b and \]d leads to a family of complexes 

Xi^s^ot ■■ i^^ot ^ ^i^'^f^ot (36) 

indexed by a e M and fc G N. In particular for any elements Xi e p^,{j£/o)^% 
the one-form i\xo[F, xi] . . . dxi . . .[F, Xn+i] lies in \\{^l^'$£/o)'tn with k — ^i- 

Before renormalizing the eta-cochain with our pseudodifferential calculus, it 
remains to discuss partial supertraces. By definition the operator supertrace t 
is defined on the (p+l)-th power of the Schatten ideal J^'* = ^p+^{H) (see f3T] 
for the normalization of r depending on the parity of the quasihomomorphism). 
Since 3^ is represented by unbounded operators on H we can also regard r 
as an unbounded linear map on each ^^q. In general its domain cannot be 
extended to the entire space even for a <C (for example when is the 
space of pseudodifferential operators of order < a over a non-compact manifold); 
however it is reasonable to impose that the unbounded partial supertraces 

r : = (37) 

l+rn—k 

extend to a well-defined chain map from the entire subcomplex X{^£/q)^ to 
X(^) whenever a <C 0. The idea is that a pseudodifferential operator of the 
kind a;|D|" with x e p*T^ should be trace-class. Recall that X{^) is filtered 
by the subcomplexes F'^''-^X{^, ^) : ^ ^ l:](/^d^+ /~^-^d 
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Definition 3.4 A regular quasihomomorphism has finite analytic dimension 
d G M. if the suhspaces of pseudodifferential operators (5*^0)0 o*^^ {^^^■s^o)a 
are in the domain of the unbounded partial supertraces {31^ whenever a < —d, 
and the latter extend to a chain map preserving the adic degree: 

Moreover the quasihomomorphism has discrete dimension spectrum if there ex- 
ists a discrete subset Sd C C, such that for any x,y £ (^'^)g U {1} not simul- 
taneously equal to 1, the zeta-functions with values in X{^) 

t\{x\DY 'yd|D|) J 

are holomorphic over the half-plane Re(z) < —d and extend to meromorphic 
functions over C with poles contained in Sd, preserving the adic degree. 

On the technical side we have to assume that whenever a pseudodifferential 
operator constructed from x,y € "^.-b/q and the complex power \D\^ is in the do- 
main of the trace, the corresponding zeta-function is holomorphic and coincides 
with the value given by the trace. This is to avoid pathological situations in 
which the zeta-function would differ from the value of the trace even when the 
latter is defined. Note that speaking about holomorphic functions with values 
in X(^) requires that the odd part of the X-complex il-'^^t, can be written 
as an inverse system of Frechet spaces; this holds true for example when ^ is 
quasi-free and we shall not insist on that point. 

In the following we assume that the analytic dimension d is exactly the degree 
p of the quasihomomorphism (morally p{a)\D\~^ sits in ^p^^{H)(S)3§ for any 
a € ^o)j but other situations are conceivable. Now we can define a renormalized 
partial (super)trace by taking the finite part at 2; = of the meromorphic 
extension of the trace t, regularized by |-D|^^ when Re(z) ^ 0: 

tr{x) = Pf t(x|5|-^) , TR\\ixdy) = Ff T\i{x\D\-'dy) , (38) 

z—O z—0 

for x,y G ^'is/o- The finite part of a meromorphic function Pf^^o C('2;) is the 
coefficient ^0 of its Laurent expansion C(z) = Cfc-z'^ around zero. Hence by 
hypothesis, when the symbol degrees of x, y are low enough the zeta-functions 
are holomorphic around zero and their values at 2; = coincide with the un- 
renormalized traces t{x) and T\]{xdy). However, the renormalized trace is no 
longer a trace: because of the presence of the operator |-D|^^, the naive algebraic 
identity (the sign ± depends on the parity of x and r) 

bT[\{xdy) = ±T{[x,y]) 

is broken by anomalous terms. The latter are necessarily residues of zeta- 
functions and can be explicitly computed using the above pseudodifferential 
calculus. One has 

bTR\\{xdy) = ± Pf T([a;|5|-^^/]) = ±Tn{[x,y]) ± Pf T(a:[|5r^ y]) . 

Z—O z—0 
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For concreteness take y E (^'£/o)L- The commutator [\D\ ^,y] admits the 
asymptotic expansion 



k>i ^ ^ k>i ' ^ ^ 



— z — k 



where <5'=(y)|i^|-^-^ E + (^■«*'o)L+ Vfe+i + ••• + (*^o)L+-,. It 

means that if we work modulo high adic degrees, the difference a;[|-D|~^, ?/] — 
(~fc^)^'^'°(!/)l-^l~^~'^ becomes trace-class for large N and its trace, being 
holomorphic around zero, vanishes at z = 0. Hence from Pf z(^{z) — Res^(z) 

2—0 z—0 

we can write the anomalous terms as 

Pf r(x[|5|-,y]) = E^I^^n^?7^^(^^'(y)l^l"'"') ' 
fc>l ^ ' 

where the sum over k in the right-hand-side is pro-finite in The components 
of the renormalized eta-cochain rf^^^ in low degrees n < d = p are defined in 
exactly the same way, with insertion of |-D|^^ at appropriate places: 

rfs. + 1) 1 / ^ 
?y^+i(a:odxi . . .da:„+i) = ^ PJ^t{\D\-^ Fxo[F, x,] . . . + 

n-l-l 

^ (_)("+!)» . . . [F,x„+,]\D\-^Fxo[F,x,] . . . [F,x,^i] 



r(- + 1) 1 

^nVi^odx, . . .d.T„+2) = ^^^^2 ^^^^ 

n+2 i 

E FJo ( S ■ ■ ■ ^^-l] l^ri^' ■ • ■ . . . [i^, Xn+2] 

i=l j = l 

n+2 

+ E T^FxolF, xi]...dx^... [F, x,]\D\-^[F, x,+i] ...[F, Xn+2l 

3=i 

for any Xi E p+T^o- Note that for n > d — p the renormalized eta-cochain rf^^^ 
coincides with rp+^ because in this situation the zeta-functions are holomorphic 
at z = by the summability hypothesis [F, x] E (^'^o)-i- According to Lemma 
I2.3( when ^ is quasi-free the cocycle 

[d,T]R]p,-f eHom(X(fM)),^(^)) (40) 

represents the periodic Chern character ch{p) E HPP{£/q, In fact a finer 
analysis of the adic properties of the renormalized eta-cochain performed in the 
theorem below shows that the cocycle [d,r]fi]p^,^ is of order p hence represents 
also the non-periodic bivariant Chern character ch^(p) E HCp{£/o,3^), and 
carries all the information about secondary classes. The general discussion of 
section [2] shows that the components of [d, rjji] , depicted through the diagram 
(1201) . arise as an anomalous boundary of the renormalized eta-cochain caused 
by the insertion of |-D|^^. They are explicitly computable as residues of zeta- 
functions, by a straightforward generalization of the argument given above for 
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the renormalized trace. One thus obtains a local representative (in the sense of 
noncommutative geometry) of the bivariant Chern character. 
It should be stressed that the renormahzation (j39p is by no means unique; one 
could indeed use the operator in many different ways. The simplest 

modification is, for example, to multiply the zeta-function appearing in the 
definition rf^^ = Pfz=o Ci^) by a function h{z) holomorphic around zero, with 
h{0) = 1. Since one has h{z) = 1 + zl{z) for some l{z), the new renormalized 
cochain reads 

vu:^' = rB:''+fes i{z)az)- 

The function l{z) being holomorphic, the residue term only extracts the poles 
of C(z) at zero. This illustrates a general fact: different renormalizations 77;? 
and "qR' always differ by a (pro-finite) sum of local counterterms (here, residues 
of zeta- functions), and their boundaries [^^rjIl\p^^,^ and [9, '7fl']/3*7 represent the 
same bivariant periodic cohomology class ch(p) G HPP{£/o,^). We could also 
modify ry^ by adding more complicated terms; they would be typically of the 
form 

Res hiz)TiS''°Xo . . . S''"Xn \D\-^-"') , (41) 

z=0 

where h{z) is holomorphic around zero, S'^ is the fc-th power of the derivation 
[\D\, ], m is a positive integer, and Xi denotes either Xi, dxi, [F, Xi] or [D, Xi\. It 
is however not true that any renormahzation leads to a representative of the non- 
periodic bivariant class ch''(p) G HC^{£/q, M); in general we can only control the 
periodic class. A judicious choice of counterterms makes the link between the 
renormahzation (|39p and the bivariant generalization of the Connes-Moscovici 
local index formula [7] : 

Theorem 3.5 (Anomaly formula) Let p : .s/ ^ > J^^S^ he a (p -I- 1)- 

summable quasihomomorphism of parity p mod 2, gifted with an algebra of 
abstract symbols associated to a dense subalgebra ^ C . Suppose that p 
is regular with respect to an extension S^, of £^ , has finite analytic dimension 
d = p and discrete dimension spectrum. Then the boundary of the eta- cochain 
renormalized by i39\) is a cocycle of order p in the bivariant complex 

[d,r,R]p,-/ eRomP{X{f.s/o),X{^)) 

Hence it represents the non-periodic Chern character ch^(p) S HCp{£/ot^) 
when Si is quasi-free. Moreover [d, ?7fl]p* is cohomologous, in the complex 
Hom(f2Tj2/o, ^(^)), to the cocycle xrP* whose component in any degree n = 
p mod 2 is given by a linear map X^rqP* ■ ^"T-s/q Si 

/T(z + k + —) 

Xl„{xodx^...dXn)= J2 (-)''+Mfc0,...,fcn) Rj ( r(z + 1) 

n 

^(-)^("-i) r{dx^^, . . . x^^Uxf'-^^ . . . dx^^d\Dr^'^'^-n) 



1=0 



(42) 
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and a linear map XriP* ■ ^"'^^Ts/q —> Q}M^ 

/Viz + fc + — ") 

X^^i(xodxi...dx„+i)= (-)'+"c(fco,...,fc„)Res(^— — -^x 

^-^ z=0 V 1 z + 1 

fco,...,fc„>0 ^ ' 

n 
i=0 

V i-r+^ciko, . . . , A:„+i) Res (^^" + ^ + ^ + 

z=0 \ 



r(z + i) 



X 



n+1 



(43) 

where k denotes the sum '^^ki, dx is the commutator [D^x], the superscript 
x^''^') denotes the ki-th power of the derivation [D^ , ] acting on x, and the 
constant c{kQ, . . . ,kn) is defined by 

kn) — fcp! . . . kji 

!(fco + l)(fco + fci + 2) . . . (fco + . . . + fc„ + n + 1) . 

Hence the composite XFt.P*l G \^ova{X{T£^f)), X{^)) represents the periodic 
Chern character ch(/3) e HP^^si/q,.^) when Sf, is quasi-free. 

Before giving the proof let us make some comments about the cocycle XR- 
Firstly, if fc + ^ > the quotient ^^yIz+i) ^® holomorphic at z = (it is 
moreover a polynomial when n is even). Hence the residue term extracts only 
the poles of the corresponding zcta-function. Only when rt = 0, fc = the 
above quotient of gamma- functions is singular and equals l/z. In this case the 
residue actually selects the finite part of the zeta-function. This happens when 
the quasihomomorphism has even degree, and concerns only the components of 
degree zero 

XroM = Pf t{xo\D\~'^'') + poles (terms A; > 0) , 
Xmixodxi) = Pf Tl](a;o|i5r^^da::i) + poles (terms k > 0) . 

Secondly, denote by {'^£/o)a the sum X]i>o(^'^o)L+i- For x S (4*^0)0 the 
commutator x'-^^ = [|-Dp,a::] — 5'^{x) + 2S{x) \D\ is a pseudodifferential operator 
in (5*^2/0)1, and inductively one has x^''^ G {'$£/o)k and similarly for dx^''\ Using 
Definition 13.41 of the analytic dimension, it follows that for any Xi e p^Tjz/q the 
pseudodifferential operator 

x^o''"^dx['''^ . . . da;(f")|5r2fe-« e (*^o)-fc-n , fco + . . . + fc„ = fc 

becomes trace-class for n -f fc ^ 0, provided we mod out the large adic degrees. 
It follows that the evaluation of the chain map XFt.P*l on an arbitrary element 
of the X-complex X(T£^q) is actually given by a pro- finite sum of residues in 
X{M). 
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Proof of \3.5[ According to Lemma [2.31 we have to show that {ijn — ri^^)p*'^ is 
a cochain of order p in the complex liom{X{T£/o),X{^)). Since the difference 
rjft — rj^P is the finite sum of the renormahzed components rf^^ for n = p — 2, 
p — A, etc... it is enough to estabhsh that the latter are cochains of order < p. 
We follow the proof of [2l] Proposition 3.9 and introduce the coarse filtration 
of il'Tjz/o by the subspaces 



fcn + ...+fc„>fe 

with the convention (Ji/o)" — (Ts^o)^. Morally H^^V^Ts/q contains at least 
k powers of the ideal Jjz/q- The components of the renormalized eta-cochain 
are products of commutators [F, x] with |-D|~^ evaluated on the partial trace r, 
which preserves the adic degree k by virtue of Definition 13.41 hence (we do no 
longer mention the homomorphism when it is not necessary) 

These estimates are sufficient to prove that the composite rfj^^ p*^ is a cochain 
of order n + 3. This is what we want except for the component of highest degree 
Tf]^^ , for which we need a better estimate. As explained in [H] Proposition 3.9, 
an optimal estimate requires to refine the iJ-filtration by introducing a new one, 

ko + ... + kn>k 

and relate the Hochschild coboundary of rj^j ^ to the component Xi of the Chern 
character in critical degree p. The crucial properties of Xi which make the proof 
of |21j work are: i) invariance under the Karoubi operator k and ii) compatibility 
with the G-filtration as follows: 

X^^iG'^nP+^Ts^o) C ll^'^d^ . 

In the present case one must be careful because the eta-cochain of degree p — 
1 is renormalized, and the naive relation rjf^^b = (— )^^^Xi is broken by an 
anomalous term. By direct computation one finds Tfln^b — + "^ij 

where V'l' involves commutators with |D|~^: 

V'f(a;oda;i . . .dxp+i) = 

p+i 

+ (-FJ^a;o[i^,Xl]...dx,...[|5|-^a.J]...[F,Xp+l; 

Problematically V'l is not K-invariant and its compatibility with the G-filtration 
is not obvious. Using the abstract pseudodifferential calculus we expand the 
commutator 
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and ipi can be rewritten as a pro-finite sum of residues, typically 

Res T^{xoF[F, xi] . . . 6'{xj)\D\''-' . . . dx,+i . . . [F, Xp+i]) 

z=0 

or Resrtl(Fxo[J^,xi] ...dx^... [\D\~'',Xj] . . . [F,Xp+i]) 

z=0 

for some I > 1. Suppose Xi £ {Js^q)^\ so that x^dxi . . .dxp+i G H'^Hp^^Tj^/q 
with k = ki + . . . + kp^i. Then one has [F, Xi] G {"^iji/o)-! and 

S\x,)\D\-^-' G (*=^o)'V; + (*=^o)'CVi + • • ■ + (*=^o)'^+' . 

It means that modulo the adic degrees > k + 1, only the residue corresponding to 
I = 1 remains because for I > 1 the trace is finite. Hence for xodxi . . .da;p+i G 
HkfiP+iTM/o we have 

■0i(a::oda;i . . . da;p+i) = 

-rrr^l £ Resr^( ^(-yxoF[F, x,] . . . Sx^lD^-' . . . dx.+^ ...[F, x^+i] 
1=1 ^ j=i 
P+i 

+ H {-yFxo[F,xi]...dx,...5xj\D\-'-\..[F,Xp+i 
j=i+i 

modulo i](^/^+^d^ + The operator under the residue has symbol 

degree zero. Therefore we can move and F in first position because 

their commutators with the Xi 's have lower symbol degree unless they raise the 
adic degree. One gets 

i>f{xQdxi . . .dxp+i) = 
T{p/2) 1 ' 



1=1 3 = 1 

p+1 

{-yxQ[F,xi\ ...dxi...5xj... [F,Xp+i]^ 



modulo l](^/^+^d^ + ^'^d Now it is easy to show the K-invariance of 
the r.h.s. as well as the needed compatibility with the G-filtration, still mod- 
ulo ^{J^^^dSi -f J^d J). This is allows to apply verbatim the proof of [21] 
Proposition 3.9 and show that rj^^ p*j is a cochain of order p as wanted. 

The formula for xr is an involved computation which relies on the techniques 
developed in [171 118j in connection with a JLO approach to the bivariant Chern 
character. We use Quillen's formalism of algebra cochains [21] and let be the 
bar coalgebra of the unitalized completed tensor algebra (Tsz/q)^. Thus is 
the graded direct sum of n-fold tensor products 

, = {f£/o)+(^ . . . 0(f ^o)"^ {n times) . 

The coproduct on comes from the linear maps ^„ — > ©^^q '^k®'^n-k induced 
by all possible decompositions of n-chains into a tensor product. Moreover 
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the multiplication on {Tjz/q)^ leads to a Hochschild differential of odd degree 

b' : ''^n — ^ "^n-l 

b'{xi (g) . . . (g) x„) = ^(-)''+\ti (g) . . . (g) a:ia;i+i g) . . . g) x„ . 

Then = and is a graded differential coalgebra. Now consider the (unital) 
Z2-graded algebra of non-commutative differential forms of degree < 1 over 

f}*(^(gJ) := ^(g^+ ® f7i(^g)^) 

gifted with the derivation d. The space of linear maps Hom('^, ri*(^^g)^)) 
with convolution product is a Z2-graded algebra, d and the transposed S of 6' 
act on this algebra as (anticommuting) differentials of odd degree. The unital 
homomorphism : (T^)"*" = ^ ^q^^^ extended by zero over 'rfn, n 1, 
defines an element of odd degree in this DG algebra. In the same way, we 
regard the Dirac operator D S ,f^i(g^+ as a linear map C = "^o — ^ ^i^^^, 
1 1-^ D, hence as an element of odd degree D e Hom('^, r2*(^(g^)). For any 
real parameter t > 0, the sum + tD thus defines a Quillen superconnection 
Vt = S - d + +tD on the DG algebra Hom('^, 17* (^(g^)), with curvature 
(see m) 

Vt = -dp, - tdD + t[D, p4 + e HomC^, fi* (^(g^)) . 

The exponential exp(— ) is an even-degree element of the convolution algebra, 
defined via a Duhamel-type expansion (see below). It involves the heat oper- 
ator related to the complex powers of the Dirac operator through the Mellin 
transform: 

e^* = / ^dX, ID = — - / —t^^e-*° . 

27:iJ X^\D\ r(z)io t 

The integral over the complex parameter A is performed along a vertical line 
separating zero from the spectrum of |Z)| as in Eq. ([30|) . Next we let Jli'^ = 
'^g)(rj2/o)^(g'^ be the universal bicomodule ([24]) over the coalgebra 'rf. The 
left comodule map Oi"^ — > '^(gfli'^ and the right comodule map ili'^ 
fli'^g)'^ are defined via the coproduct on the left and right factor respec- 
tively. Hence by duality the space of linear maps Hom(r2i'^, r2*(i3^(g^)) is 
a bimodule over the convolution algebra IIom('^#', r2*(i^(g^)). Moreover the 
transposed of the universal coderivation Jli'^ which identifies a tensor 

product ^fcg)(Tj2^)+g)^„_fc with '^n+i, induces a derivation 

In particular dp^ defines an element of this bimodule. The core of the bivariant 
JLO Chern character constructed in > l7l| is the element 

At(i) = / dse-'^^dp^e^'-^'>'^'* &}iom{ni'^,n*{^(E)^)) . (44) 

"'0 
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Alternatively fj,{t) is the term proportional to dp^ in the Duhamel expansion of 
the exponential exp(9p* — V^). We compose the linear map fi{t) on the right 
with the cotrace \] : QT-s/q — > fli"^ defined on a n-form by 

n 

ll(a:oda;i . . . dx„) = (xi+i (g) . . . (g) x„) (g) 2:0 (xi (g) . . . (g) a;^) 

i=0 

whence a linear map n{t)\\ : HT^/q Q,* Let px be the projection 

of onto the X-complex X(^(g^+) : ^ Vt^{^®S\, and 

compose ^{t)\\ on the left with px to get a linear map for any t > Q: 

PxlJi{t)\^ e Hom(l]f^o,^(^«)^)) • 

Proposition 6.5 of shows that px^i{t)^ is a chain map from the (6 + B)- 
complcx of differential forms over TjafQ to the X-complex: 

(^d ® b) o - PxKt)"^ o (6 + B) = . 

This is a direct consequence of the Bianchi identity [V(, exp(— Vj )] = 0. Then 
for z G C consider the cocycle 

Xiz) = ^ / -t^'pxfit^ e Hom(f]r^o,^(^'^^)) ■ 

It splits into a set of components Xoi^) ■ ^"T^/q S^®^^ and y^iz) : 
j-^n+iji^ _^ for any integer n. In order to establish explicit formu- 

las let [i^it) be the component of the map with range contained in ,^(g^+. 
It is defined via the Duhamel series 



n>0 JAn + i 

where A„4-i is the standard simplex with coordinates sq, • • ■ , Sn+i, one of the 
AiS is equal to i9p* while the others are equal to [D,p^], and we sum over all 
such possibilities. The n-th term of this series contributes to the component 

i \z) Jo t Ja„+i 

The range of this map is not contained in the subspace of pseudodifferential 
operators 'i'jz/o C However we can write an asymtotic expansion of 

Xo(2) by moving all the heat operators exp(— Sii^Z?^) to the right (see [7]), 



(sq + . . . + Sn)^" .(fco) .(fci) .(fc„)-t^B 



■>+l 

/•oo 



fco,...,fc„>0 
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where k = ko + . . . + kn, c{ko, . . . , kn) is the constant defined above, Al " is the 
ki-th power of the derivation [D^, ] on Ai, and ~ means equahty modulo the 
space of hnear maps Hom(fii'^^, for any a e M. Perform the integral over 
t using the Mellin transform 

2 f°° ^.2z+2k+n-t'^D^ _ r(z + fc + n/2) C,.2z-2k-n 

mJo t r(z) i^^i 

so that Xo{^) G Hom(f2"T^o, 3^®^) admits the asymptotic expansion 

ko,...,k„>Q 

Observe that the (fco, . . . , fc„)-th term of the expansion is a linear map from 
n^Ts^o to the subspace of pseudodifferential operators ^si/q n with a — 
— 2Re(2;) — k~ n. Hence we can apply the partial trace r : "^s^q ^ ^ for z ^ 
and define the renormalized components x^a ^ Hom(il"r^,^) by taking the 
finite part at z = 0: 

-■^^ ' 2 = i (Z) 

Since 1/T{z) = z/T{z + 1) the latter is a sum of residues: 

i-r^'ciko, . . . , fc„) Res £(i±i±ilr(4'=") Ai'^^) . . . A^^) |5r--'=-")^ 

ko,...,k„>0 ^ ^ ' 

The explicit evaluation of this cochain on a n-form xoda;i . . . dx„ G J7"T^o 
yields formula (|42p . For the reason explained above the sum over fco, . . . , A:„ is 
actually pro-finite, and the sum of all components Xj?,o really extends to a 
cochain in Hom(nTj2/o, 

The degree-one component ^i(i) G Hom(r2i'^^, rL^{3^®i%)) of /^(i) is also defined 
via a Duhamel series, 

ri>0 "''^"+1 

where now the BiS. are chosen among — [£>, p*], dp*, dD, and the power 
d is equal to the number of operators D involved. Applying the universal trace 
and cotrace on both sides, the one-forms dp* and dD can be pushed to the right 
so that the composite ^^ll{t)\\ G \lom{VLfs^f),^l^{g^®!^\) is 

n>0 "'A„+i 

+ Y.^-iT^ I ds^e-^«*'5'Ao...e-^"*'^'A„e-^"+i*'5'dS^ , 

n>0 "'A„ + i 
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where one of the A^'s is and the others are equal to [D,p^,]. Moving the heat 
operators to the right without crossing d, one obtains as before an asymptotic 
expansion for the cochain Xiiz) e Hom(fi"+if ^o, f^^("^<X'^)ti) 

ko,...,k„>0 

- y: (-)"+^-c(fco, . . . , fcn+i) + ' + ^ + \^Ai'"' . . . Ai'j^r'iDr^'^'^'^- 

feo,---,feT>+i>0 ^ ' 

where ~ means equahty modulo Hom(il"+^T^, \\{il^^)a) for any a G K. The 
(fco, . . . , fc„)-th term of the expansion ranges in the subspace of pseudodifferential 
operators [\ft^ {"if si/q) D \\{il.^J^)a with a = — 2Re(z) — k — n. Hence we can 
apply the trace r : []r2^(^'^) for z ^ and define the renormalized 

components Xj^i € Honi(f2"+-'^rj2/o, i^^^^) by taking the finite part at 2; = 0. 
Alternatively it is the (pro-finite) sum of residues 

xSi= E H"+Mfco,...,A;„)x 

fco,...,fc„>0 

- E (-)"+'c(fco,...,fc„+i)x 

Res ( ^^^ + ' + f + '\ 4'^-°' . . . 4';-r)|5|-(^+'=-^i)-"d5^) . 

The explicit evaluation of this cochain on a {n + l)-form x^dxi . . .dxn+i G 
Qn+i-ji^ yields formula Since the residues vanish for large degrees the 

sum X^n Xfli extends to a cochain in Hom(iir^, fi^^i,). Collecting the even 
and odd part we thus obtain a cochain in the bivariant periodic complex 

e Hom(f7f^o,^(^)) ■ 

It is a cocycle as a consequence of the fact that the cocycle property for x{z) is 
algebraic and thus passes to asymptotic expansions in terms of pseudodifferential 
operators. 

In order to relate XR to the renormalized eta-cochain we use the same tricks 
and introduce a parameter u G M+. Let (r2*M+ = C°°(M+) Jl^M+jd^,) be 
the de Rham complex of ordinary differential forms with respect to u. On the 
convolution DG algebra Hom('^, W we take the sum Vt of the 

connections —du + uF and Vt = ^ — d + + tD\ the new curvature reads 

(Vt)2 = -duF - dp, - tdD + [uF + W, p,] + {u + t\D\f . 

Then define G Hom(ni'^, f]*(^(g)^)(8)f]*M+) by formula ^ with Vt re- 
placed by Vt. Write = fj,{t)+du vit) its expansion in powers of the one-form 
du. Hence and are both elements of Hom(17i'^, r2*(^«)^)(g)C°°(K+)). 
Remark that ^{t, u — 0) coincides with the old expression (UH) for any t > 0. 
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By [T7] Proposition 6.7, the Bianchi identity for the total connection Vt leads 
to the transgression relation 

d 

— {pxfi{t, u)\\) = {[\d ® 6) o {pxi^it, it)t]) + {pxHt, o{b + B) 

in the complex Hom(riTj2/o, X(^^M)). Then consider the cochain 

-2 f°° dt f°° ^ ^ 

,^(z) = -— / —t^^ dupxHt,u)\] eilominT£/o,X{^®^)) . 

i [Z) Jo t JQ 

Its boundary is related to the cocycle xi^) by means of the above transgression: 

2 r°° dt 



r(2) 7o * 

Let us calculate the asymptotic expansion of "qiz). The component of iy{t,u) 
landing in degree zero i'o{t, u) e Hom(f2i'^, ^®^+) is defined via the Duhamel 
series 

where two of the ^^'s are equal to and F respectively, the others are equal 
to [-D,p*] or [F, p*], and we sum over all such possibilities, d and / are the 
numbers of commutators [i^,^*] and [-F, p*] respectively {d + f = n). Only the 
term of order n contributes to the component Vio{z) S Hom.{il^T£/o, ^^^). 
Moving all the heat operators exp(— Si(u + to the right we obtain an 

asymptotic expansion 

%"(z)^ ^ (-)"+Mfco,...,A:„+i)x 

ko,...,kn -\-l>0 

-2 rdt^2.+d r duufA\^°K..A^^;r^e-^-+'\^\^\ 



r(^) Jo t 

where k = ki + . . . + fc„+i, A^*^'' is the /cj-th power of the derivation + ] 
on Ai. Each term of the expansion lies in Hom(f2"r^, \E'i2^o). One has A^^ = 
2tuSAi + t'^Af''' with the derivation S — [\D\, ], hence recursively 

4'*' = J2 fr)i''='-P-(2u)P'(5P'A('='-P') . 

Pi=0 ^ 

Hence we can perform the integrals over t, u using the identity 



n^) Jo t 



r(z) V^Vp + // 2z + 2k-p + d + l 
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with k ^ ki + . . . + kn+i and p = pi + . . . + Pn+i, so that 

n+1 / s 

v^{z)^- (-r+Mfco,...,fc„+i)2''n f X 

fco,...,fc„+i>0 4=0 ^ ^'^ 

0<pi<ki 

The renormahzed component rj^^Q E Honi(i7"Tj2/o, is defined by applying 
the partial trace ±r : ^'jz/q — > ^ to this asymptotic expansion for z 3> 0, and 
then taking the finite part at z = (the sign ± is dictated by the parity of the 
quasihomomorphism) . We want to show that, modulo counterterms, it coincides 
with the renormahzed eta-cochain if^Q given by Equation (j39p . Ty^Q is a sum of 
terms proportional to 



with d + / = n and p < k. Since l/r(z) = z/r(z + l), the meromorphic function 



r(z) V^Vp + zy 2z + 2fc-p + d + ;y 

vanishes at z = 0, unless d — k — p = {). It follows that the series rj^Q is the 
sum of its first term corresponding to d— k~p — Q, plus counterterms 

+ counterterms , 

where the counterterms are residues taking into account only the poles of the 
zeta-functions 

Observe that JPo^(^fco-Po) ^ ^ ^ jp„+i^(fc^+i-P.+i) |5|-22-2fc+p-d ^^^^g^g -^^ ^j^g g^^- 
space of pseudodifferential operators ^f^/o H with a — — 2Re(z) — k — n. 
Hence the residues vanish for large n + k after projection ^ M j and 
sum over the counterterms is actually pro-finite. We can simplify further the 
first term of the series by noting that the meromorphic function in front of 
t(Ao . . . yl„+i|l?|^^^)tl has an analytic expansion r(^^^)/2 + zh[z) with h(z) 
holomorphic around zero. Hence we may absorb the contribution of h inside 
the counterterms: 

- T(-)"7^^ o Pf ^(^0 . . . + counterterms . 
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Now evaluate this map on a n-form xadxi . . . da;„ G n'^T-s/o and recall that the 
parity of n is opposite to the parity of the quasihomoniorphism: 

vU^odxi . . . dx„) = - Pf r Fxo[i^, xi] . . . [F, Xn]\D\~'' 

[n + Ij! 2 z=Q \ 

n 

+ ^{-)'''[F,Xi] . . . [F,Xn]Fxo[F,xi] . . . [F,x^-i]\D\-^^^ + counterterms 

This almost corresponds to the renormalized eta-cochain if^Q given by (|39p . ex- 
cept for the fact that the regularizing operator jl?!"^^ is not inserted at the 
same places. Using commutators with jl?!"^^ we can nevertheless conclude that 
modulo counterterms of the form (|41]) . the linear maps tj'^q and fj^Q coincide 
in Hom(Sl"ri2/, ^). Moreover, since the counterterms vanish for large n after 
projection ^ ~f ^/ the difference X]n(^fl,o "'^flo) extends to a well-defined 
linear map in Hom(r2T^0j ■^)- One proceeds in exactly the same way with the 
other components rj^i- they coincide with rf^^ of Eq. ([39]) modulo countert- 
erms, and the difference J^niVm ^ Vri) extends to a well-defined Hnear map 
in Hom(r2T^0i ^^^•^ti)- Hence we are simply dealing with a choice of renor- 
malization for the eta-cochain rjn G }iom{ilT£/o, X{^)), which differs from the 
renormalization p9p by a cochain in the complex of bivariant cyclic cohomology 
llom{nT£/o, X{^)). Lemma [2.31 thus implies that its boundary represents the 
bivariant Chern character. Moreover 

(dd ®b)orjR + 'nRo{b + B)=XR € Hom(f}f M), ^(^)) 



because the transgression relation (|i5|) is algebraic and passes to asymptotic ex- 
pansions. Hence Xfl represents the bivariant Chern character in periodic cyclic 
cohomology. ■ 



Example 3.6 As an illustration of the anomaly formula we shall derive a 
simplified version of the equivariant index theorem stated in [19j . Let G be 
a countable discrete group acting smoothly and properly by isometries on a 
complete p-dimensional Riemannian manifold M, without boundary. The quo- 
tient space G\M is supposed compact. Consider a G-equivariant complex 
vector bundle E ^ M endowed with a G-invariant hermitian structure, to- 
gether with a G-invariant selfadjoint elliptic differential operator of order one 
Dq : C°°{E) — > C°°{E) acting on the smooth sections of E. When p is even, 
we suppose that E is Z2-graded and -Dq is of odd degree, whereas if p is odd 
everything is trivially graded. extends to an unbounded selfadjoint opera- 
tor with dense domain on the Hilbert space Hq = L'^{E) of square-integrable 
sections of E with respect to the Riemannian metric and hermitian structure. 
If p is even, form the Hilbert space H = Hq Q) Hq. If p is odd form the Hilbert 
space H = {Hq® Ho)^Ci, where Gi = CffieC is the Z2-graded Clifford algebra 
with odd generator e. In both cases H has a Z2-grading: in the even case it 
comes from the Z2-grading on each summand Hq, whereas in the odd case it 
comes from the Clifford algebra. Define the selfadjoint unbounded operator of 
odd degree on H 

^^{^l -Do) ^ ^^'{^1 -Do) 
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Since = 1, one gets = 1 + Dq > in both cases, hence D is always 
invertible. Let C^{M) denote the algebra of smooth C- valued functions with 
compact support on M. Any function / e C^{M) acts on the space of sections 
Hq = L'^{E) by pointwise multiplication, thus is represented by a bounded 
operator say /o on i^o- We extend this representation to a bounded operator of 
even degree on H by the matrix / = ( /« o) e ^{H). Put F = D/\D\, = 1, 
and decompose the Hilbert space H into the direct sum iJ+ ® H- (even case) or 
{H+ (B -ff- ) ®Ci (odd case) according to which the matricial form of the operator 
F reads 

^ (i o) ^ ^ (o -l) ^ 

In this new decomposition a function / G C^{M) is represented by a diagonal 
matrix {'^q f_) in the even case and by a matrix ( flz) '^^ ^he odd case. 
The commutator [F, f] is always an element of the Schatten ideal Ji'P~^^{H). 
Hence we may endow C^(M) with the norm 

||/||oc,p+i := ||/||cx> + ||[i^,/]|Ui 

where ||/||oo is the operator norm on ^{H) and ||a;||p+i = (Trlxl^"*"^) p+r is the 
Schatten norm on .ifP+^(i?). The norm || • ||cc,p+i is submultiplicative and G- 
invariant for the natural action of G on [M] by pullback. 
Now let CG be the group ring of G, i.e. the algebra generated by symbols 
U* associated to each element g e G, with product U*^U*^ = Ug^g^- We use 
a contravariant notation for convenience. Hence any element b € CG is a C- 
valued function with finite support on G. Suppose that a right-invariant distance 
d : G X G — > IR+ is given. Then for any a > define the following norm on CG: 

\\b\\^ = ^a^{g)\b{g)\, V6 e CG , 
see 

where the fimction CTa{g) '■= (1 + d{g,l))" fulfills the property (Ja{gig2) < 
o'a(5i)o'a(52)- Then each norm || • \\a is submultiplicative, and the completion 
of CG with respect to this family yields a Prechet m-algebra ^. Its elements 
are functions with rapid decay over G. Next, let be the algebraic crossed 
product G^(M) x: G. As a vector space it corresponds to the algebraic tensor 
product G^(M) ® CG, and the multiplication is defined by convolution: 

ifiu;,){f2u;j = hihr u*g^g, , V/. e Gr(M) , g g , 

(/2)®^ being the pullback of the function /2 by the diffeomorphism gi. Thus 
any element a e ^ is a (M)-valued function with finite support on G. For 
any a > 0, endow the algebraic crossed product with the norm 

IkiU = E ^"(ff)||a(5)||oo,p+i , Va e M) = C^{M) x G . 
see 

Using the fact that the norm || • ||oo,p+i on C^{M) is submultiplicative and 
G-invariant, one shows that || • ||ct is submultiplicative for any a. Hence the 
completion of with respect to this family of norms is a Frechet m-algebra 
■g/. Now observe that because G acts by isometrics on M and by pullback on 
the sections of E, one gets a unitary representation r : G ^ ^{H). Let us 
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define a homomorphism p : jz^q ^ ^(H')®!^ (note that ■^(Jl) is viewed as a 
Banach algebra with the operator norm) by 

p{!Ul) = jr{g)®lJl. (46) 

It is clearly continuous with respect to the topology induced by the norms || • Ha 
on s^Q, hence extends to a continuous homomorphism p : ^ ^{1V)®S§. 
Moreover, since [F, /] e ^P+^(_ff) for any function / e C^{M), one has 
[F, p(a)] e ^'P^^{U)®3S for any a £ ^/q and the linear map a ^ {F,p(a)\ 
extends to a continuous linear map from to ^^'+^ (TJ)®^. Here .SfP+^(i?) 
is provided with the Schatten norm. Let be the (p + l)-summable Banach 
algebra ifP+i(iJ+), and S be the Frechet m-algebra ^(7J+)(g)^. Using the 
isomorphism = and the matrix decomposition of -Sf(i?) and ^P+^(iJ), 
p defines a (p + l)-summable quasihomomorphism 

p:s^^S'> J""®^ (47) 

of parity -p mod 2. In particular, p induces a morphism p\ : i4r^°P(,y(g)£/) — > 
K^n-pi-^ Oil topological if-theory (section [5] and [5T]). The crossed prod- 
uct is provided with a canonical class [e] S i4rQ°^(^) represented by the 
idempotent e e C;?°(M) x G (see [H): 

e((;)(a;) = c(x)c((7 ■ x) \/x £ M , g <E G , 

where c € C^(Af) is any cutoff function with property '^g^Qc{g ■ x)^ = 1, 
Vx € Af . Embedding the algebra £^ into J'^si via a rank-one idempotent 
in J' ^ we may view [e] G KQ°^{.y and define the equivariant index of the 
elliptic operator Z?o as the if-theory class of the convolution algebra over G 

IndG(i?o) = P'.m e i^-;(^) • (48) 

We want to establish an explicit formula for the Chern character of the index 
in periodic cyclic homology HP-p{^). To this end, choose the universal free 
extension J£§ TSS ^ Q ioi S§. Because is a tensor product 

^{H+)®M, one can find a T^-admissible extension with ^ = ^{H+)®TS§ 
and ^ = ^{H+)®JM: 

^ .yV ^ ^ ^ £ ^ 



— ^ j^®jm — ^ j^(E)T^ — ^ ^ 

The bivariant Chern character ch(p) G HPP{£/, ^) is therefore well-defined and 
the topological part of the Riemann-Roch-Grothendieck theorem 12.21 relates in 
a commutative diagram the morphism p\ to the map induced in periodic cyclic 
homology: 

1 ^^^^ 
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Hence one gets the index formula ch(IndG(£'o)) = ch{p) ■ ch(e). Since [e] is ac- 
tually represented by an element of the dense subalgebra m/q C we shall give 
a local representative of the periodic cyclic cohomology class of the bivariant 
Chern character chj^Xp) = ch{p) E HPP{s^q, S§) using zeta- function renormal- 
ization. So let us introduce the algebra of abstract symbols in this context. For 
any /3 > 0, the Sobolev space = T)ou\{\D\l^) is a Hilbert space for the norm 
\\^\\P = \\\D\^i\\, e H^. One has < < UW^' whenever /3 < /?', 

whence a continuous inclusion H^. The intersection H°° — HpH^ is a 

dense subspace of H. Then for any a S R, the space of abstract symbols is 
defined as the set of endomorphisms x : H°° which extend to continuous 

linear maps 

^ for any /3 > 0. The family of norms inherited from 
the operator norm on the Banach spaces ^{H"^^ , H^), 

turns into a Frechet space. Furthermore the product x ^a' £^a+a' 
given by composition is continuous. One thus gets the algebra of abstract sym- 
bols by taking the inductive limit ^ = hm^ with respect to the natural 
maps ^a' whenever a < a'. In particular the Dirac operator D and 

its modulus |D| are in d^\. We now focus on S^q. It is a subalgebra of .^{H) 
and the injection — > ^{H) is continuous. Let / e C'^{M) be represented 
by a bounded operator on H as above. Because / is smooth, any power of 
the derivation 5 = [|Z3|, ] on / still defines a bounded operator on i7, and 
this allows to show that / also defines a bounded operator on each Sobolev 
space . One thus gets a representation C^(M) 3^^. Moreover, G acts 
by isometrics and commutes with \D\ hence is unitarily represented on each 
i/^, whence a representation r : G C ^{H). It is then clear that 

the homomorphism : s^q — > ^{H)^SS factors through the algebra 
Also, the identity [F, /] = ([D, /] - F6f )\D\-^'^ shows that [F, /] e ^-i for any 
/ e G^{M) hence [F,p{a)] e i^^i®^ for any a e jz/q. The lifted homomor- 
phism p^ : T^/q -> ^Q(g)T^ reads 

p4ai . . . a„) = /i/f . . . ft-'-''rig,, . . . g,) ^ . . . ® 

on a tensor product of elements Ui — fiU*. G s/q, and p*(J^o) C ^o^J^. 
The Dirac operator D G ^i, considered as an element of , has an 

obvious lifting D = D in d^\®T . This simplifies considerably the resolvent 
formula (A — and the complex powers = \DY- simply lie in the 

algebra of abstract symbols .^Re(z) C 1^yic{z)®T . Applying any power of 
the derivation b = [\D\, ], the G-invariance of I? shows that (5"p* and i5"[£',p*] 
map Ts/q to the subspace ^o<^f^ = ^o°, and J^/q to ^o^JSS = Hence 
the quasihomomorphism is T^-regular. Moreover, using classical estimates for 
the heat kernel [2] one shows that given /o, . ■ ./« G G^{M) and g £ G the 
zeta-function z ^ Tr((5'^''/o . . . i5'^"/„r(g)|D|~^) is holomorphic in the domain 
Re(z) > p and extends to a meromorphic function with simple poles at integers 
< p along the real axis. Hence the quasihomomorphism has finite analytic 
dimension p = dimAf and discrete dimension spectrum. It follows that the 
anomaly formula of Theorem 13.51 applies . If e e denotes any lifting of the 
idempotent e G representing the canonical X-theory class in K^^{s!/), the 
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Chcrn character ch(IndG(-Do)) is represented by the image of the {b + S)-cycle 
over Tjz/q 

7(e) = e + ^H"g^(e-i)(deder 

n>l ^ 

under the chain map xrP* ■ ^T^/q X(T^). We are thus led to compute 
residues of zeta-functions of the kind z« Tr(/od/|'''^ . . . d/^''"V(5)|D|-2^-'"), for 
some smooth functions fi G C^{M) and g E G, with to > and q > 
or in — and q = —1. As in Theorem 13.51 the differential df denotes the 
commutator [D, f] and the superscript is the fc-th power of the derivation 
[D'^, ]. Since = 1 + Dq the complex powers of \D\ can be expressed 
in terms of the heat operator exp(— ^ZJq) via a Mellin transform \D\~'^^ = 
TlFj Iq° T e~* e~^^o _ For t goes to zero one has a short-time Laurent series 

expansion Tr(/od/}'^^^ . . . c?/,l'^"V(g)e~*^o) ~ Z^i^^^*^^' With, i bounded below. 
An easy computation yields 

Res z« Tr(/od/f ^) . . . dfi^-\{g)\D\-^^-"^) = Y,a, Res z« I 



r(z + f) ■ 

The sum over i is actually finite because the quotient of gamma-functions in 
the right-hand-side is holomorphic around zero for large values of i. The coeffi- 
cients Ui of the heat expansion can be explicitly computed at least when Dq is 
a generalized Dirac operator, £' is a Clifford module and G acts by orientation- 
preserving diffeomorphisms on M . They are given by integrals over the sub- 
manifolds Mg C M of fixed points for g G G, see for example [2] chapter 
6. Using the identification of X{T3§) with the space ft^ of noncommuta- 
tive differential forms ([l9]), the Chern character ch(IndG(£'o)) can be decom- 
posed into components ch„(IndG(£)o)) G ^"^^ with n of parity p mod 2. But 
n",^ = SS®"- ® may be identified with a space of functions with rapid 

decay over the set G'"UG'"+^. Assuming for simplicity that each manifold of fixed 
points Mg has a spin structure, one finds that the evaluation of ch„(IndG'(Z?o)) 
on a point ^ G G" U G"+^ reads 



ch„(Ind.(Do))(^) = E MMg) ^IK^ ch„(e)(^ , (50) 



where the sum runs over all the submanifolds Mg of dimension d and codimen- 
sion q = p — d, fixed by the element g = gn ■ ■ ■ gi € G when g = (gi , . . . , gn) or 
g — gn ■ ■ ■ go when g — {go, . . . , g„). The integral contains the usual characteris- 
tic classes of the Atiyah-Segal-Singer equivariant index theorem T , namely the 
A-genus and the Chern characters of some equivariant vector bundles E/S and 
Sn over Alg. The characteristic class ch„(e) is the most interesting part of the 
formula: it is a function over G" U G"'^^ with values in differential forms over 
M, associated to the idempotent e E ^/o- We refer to for more details. 1^0]) 
provides a generalization of the Connes-Moscovici index theorem for coverings 
to the case of proper G-actions admitting fixed points. It is worth mention- 
ing that in 19J we state a stronger result, valid for any locally compact group 
G and with periodic cyclic homology replaced by entire cyclic homology. The 
proof is based on bornological algebras and a JLO approach of the bivariant 
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Chern character [T71 [TB] . With some more work it should be possible to deduce 
also this general form of the equivariant index theorem from the residue formula 



Example 3.7 The previous situation with G = {1} and M compact is well- 
known. A Dirac-type operator leads to a quasihomomorphism from the com- 
pletion ^ of ^0 = C°°(M) to ^ = C. Hence we can take ^ = ^ as 
quasi-free extension, and the cyclic homology of 3S is computed by the X- 
complex X{C) : C ^ 0. When the dimension of M is even, the Chern character 
ch(Ind(£'o)) is just a number calculating the index of the Dirac operator. When 
the dimension is odd the components of the renormalized eta-cochain become 
relevant. They are linear maps rfj^^ p.j, : ri"~'"^j2^o ^ C, in all even degrees 
rt + 1 = 2k. In particular the component of degree zero evaluated at the constant 
function 1 G ^/q yields the usual eta-invariant (the odd trace is t = —\/2iTv) 



which measures the spectral asymmetry of the Dirac operator. The other com- 
ponents rfj^^ assemble into an improper (&-|-i?)-cocyle over s/q, giving higher 
analogues of the eta- invariant. 

4 Spectral triples, anomalies and regulators 

The anomaly formula (Theorem 13. 5p is a bivariant generalization of the local 
index formula of Connes and Moscovici for regular spectral triples |7j. In the 
latter situation one gets a quasihomomorphism from an algebra ^ to the com- 
plex numbers 3§ — <C and the Chern character gives a local expression for the 
index map KI°^{si^) — > Z as in the classical Atiyah-Singer index theorem. In 
this section we propose to relate the local index formula with the chiral anomaly 
of an adequate noncommutative quantum field theory. In fact noncommutative 
index theory and anomalies are in a sense equivalent, the link being provided 
by Bott periodicity j20j. Considering anomalies, however, provides a conceptual 
explanation for the "locality" of the boundary of the eta-cochain. 

Hence let jz^q be an associative algebra over C, endowed with an antilinear 
involution. A spectral triple (^o, D) corresponds to the following data: 

i) An involutive representation of jz/q into the algebra ^{H) of bounded oper- 
ators on a separable Hilbert space H. 

ii) An unbounded selfadjoint operator D with compact resolvent on H. Without 
loss of generality we may assume that it is invertible. 

iii) The commutator [D, a] extends to a bounded operator on H for any a £ £/q. 

In addition, the spectral triple is called odd when H is trivially graded, and 
even when H is Z2-graded with grading operator 75 e J^{H), (75)^ — 1, 
75I? = — -D75 and [75,/c(a)] = for any a £ si/q. If the inverse modulus of 
the Dirac operator \D\~^ lies in the Schatten class ^p~^^{H) the spectral triple 
is {p + l)-summable. In order to use zeta-function regularization we impose 
that [s^a, H, D) is regular with discrete dimension spectrum j7j, i.e. it fulfills 
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the additional properties: 

iv) jz/q and [ZJjJz/q] belong to the domains of all powers of the derivation S = 
[\D\, ], in the sense that 5"(a) and S"{[D,a]) are bounded operators on H for 
any a G ^/q and n G N. 

v) For any element x of the algebra generated by S"{£/q) and S""- {[D , s/q]) , the 
zeta-function 

C{z) = Tr{x\D\~'') , zeC 

is holomorphic in the half-plane Re(z) > p and extends to a meromorphic func- 
tion with poles contained in a discrete set Sd C C (the dimension spectrum). 

Since we are interested in the relationship with chiral anomalies, we restrict 
our attention to spectral triples (^Oi H, D) of even degree, and suppose that p is 
also an even integer. Decompose H into the direct sum iJ+ 0i?_ corresponding 
to the eigenspaces for the eigenvalues ±1 of the chirality operator 75. According 
to this decomposition one can write in terms of 2 x 2 matrices 

fa+ 0\ fO Q*\ D fO C/-i\ 

aj ' ^=(,Q j ' ^ = M=U ) 

for any a G £/o, where U : i?+ is the unitary operator Q / {Q*QY^'^ ■ The 

isomorphism of Hilbert spaces iJ+ = iJ_ induced by U allows to rewrite the 
spectral triple under the form of a (p + l)-summable Fredholm module: 

Let us deform the representation of ja<o hito ^{H) using the homotopy Ut — 
t e [0, 1]. Then Ui = U,Uq = Q and the above Fredholm module 
is homotopic to 

The new representation p : £/q — )■ ^{H) is no longer involutive but it is better 
suited for our purpose. Since \D\'^^ is in the Schatten ideal, one gets [F, p{a)] € 
_5fp+i(//) for any a € Hence the completion of jz^ with respect to the 

norm ||/o(a)||oo + II [-P^i llp+i is a Banach algebra and the representation 
in Hilbert space extends to a continuous homomorphism p : jz/ — > -Sf (ff) such 
that [F, p{a)] G ^p^^{H) for any a G £/. In other words one obtains a (p + 1)- 
summable quasihomomorphism of even parity from £/ to C 

p:^^(?">^^ (51) 

with = ^{H+) and = ^p+^{H+). The Riemann-Roch-Grothendieck 
theorem 12.21 gives a commutative diagram for the ii'-theory exact sequences 

Kl°^i{y^£/) ^ HCn-ii^) ^ MK^{£/) ^ X*°P(^®^) 

Pi ch''(p) P! P! 

<Ti-p(^) i?C„_i_,(C) MK^_^{C) <°4(^) 

(52) 
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The topological i^T-theory of the Schatten ideals is known: Kq°^{^) = Z and 
KI°^{J^) = 0. On the other hand, the cyclic homology of C is 7?C2fc(C) = C if 
fc > 0, and vanishes in all other cases. Now two distinct cases are interesting. 
First take n = p (even), then ([5^ yields 



0- 



chP(p) 



0- 







In this case the quasihomomorphism only induces an index map in topological 
if -theory p, : KI°^{J®j^) Z, and it is a homotopy invariant for p. In 
particular if e = e* = € Mis[{s/q) is a projector, it determines a if -theory 
class [e] g Kq°^{^iS)J^) and the integer p\{e) is the Fredholm index of the 
compression of the Dirac operator eDe on the Hilbert space e(C^ (E) H): 



Ind(eZ3e) = dimKer(eI?e)+ — dimKcr(eI?e)_ G Z 



This index may be computed by evaluating the residue formula l3.5l on the Chcrn 
character of the idempotent e in HPo{£/o). One thus recovers the Connes- 
Moscovici local index theorem . A second interesting case is when n = p + 1 
(odd), so that (|52p becomes 



0- 



<^( 



•Z- 



■HCp{£/) 



chP(p) 



■C- 







where MKi'{C) = is the multiplicative group of non-zero complex num- 
bers and C — > is the exponential map. In this case we obtain a regulator 
p\ : MK^j^i{£/) C^. It is not invariant under homotopy but only under 
conjugation of quasihomomorphisms. A related construction was introduced by 
Connes and Karoubi in the context of algebraic if -theory [5]. We shall now 
establish the link with chiral anomalies 



A non-commutative chiral gauge theory from the spectral triple (M), H, D) 
is constructed as follows. Consider the unbounded operator Q : Dom{Q) C 
ii+ ii_ and let ip E Dom(Q) and ^ E ii^ represent some "classical" matter 
fields. The equations of motion for ipyip are governed by the action functional 



(53) 



Now let g £ s/^^ be a unitary element such that g — 1 G si/q- Recall that 
denotes the algebra ^/q with unit adjoined (eventually g will be taken in the 
algebra Moo(M))''' of finite size matrices but for the moment we want to keep 
the notations simple). Its representation in the Hilbert space H = iJ+ ii_ 
reads g = {^q „_)■ We let g act on ip, if) by chiral gauge transformations: 



^ g+ ip , tp ^tpg- 
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The action functional S{'ip, ^p) is not invariant under gauge transformations; 
however the conjugate operator gZ^Qg+ differs from Q only by a bounded op- 
erator. We may absorb this change by adding to Q another bounded operator 
A : iJ_ (gauge potential), which transforms according to the rule 

A^Aa = igZ'Qg+ - Q) + gZ'Ag+ , 

so that {Q + A) gZ^iQ + A)g+ transforms according to the adjoint represen- 
tation, and the full action 

S{^,^,A):={^,{Q + A)^) (54) 

is gauge- invariant. In practice the gauge potential A is a finite linear combi- 
nation of elements of the form a-{Qh^ — b-Q), where a,b € s^q and a±.h± 
are their representations on so that the product Q~^A lies in the Schatten 
ideal = ^P+^(iJ+). Passing from classical to quantum field theory amounts 
to calculate, among other things, the partition function of the theory given by 
the functional integral 

Z{A) = J dVd^e-^^'''''^"^) e C . (55) 

If we decide to quantize ip and tp a-s fermions this purely formal object is defined 
as a Berezin integration over the Grassmann variables ^ € ip G and 
normalized by Z{0) — 1. Hence, the partition function l|55p describes quantum 
fermionic fields ip, ip moving in a non-quantized (classical) gauge potential A. 
The formal properties of Berezin integration [13] show that Z{A) may be defined 
as a renormalized determinant 

Z{A)^Jiei{Q-\Q + A)) . 

Renormalized determinants can be constructed in many different ways, one of 
the most popular being probably zeta-function renormalization [26j . In any case 
it amounts to define a logarithm VF(A) = InZ(A), at least in a neighborhood 
of a fixed background gauge potential. Following physicists we shall expand 
VF(A) as a formal power series in A represented by Feynman graphs, and then 
renormalize each graph. The advantage of this method is to show clearly the 
ambiguity inherent to renormalization, and the origin of anomalies. Moreover, 
the logarithm always makes sense as a formal power series. Hence using the 
naive relation InDet = Trln, we try to define 

W{A) ^ Trln(l + Q-^ A) = ^ 'lzTH. Tr((Q-M)") . 

n>l 

This expansion is depicted in terms of Feynman graphs as follows. We represent 
the propagator of the fields ■0, %p by an arrow = — ) — and the insertion of 
the gauge potential by a point A = •. The products Q^^AQ^^A. . . are repre- 
sented by chains, closed by taking the trace. M^(A) is thus given by a formal 
series of fermionic loops: 



W{A) - O - 
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Recall that the operator Q lies in Hence two remarks are in 

order: 

1) The n-th term = -^^^ Tr((Q-iyl)") is finite only when n>p+l. 
It follows that the first p terms are divergent and need to be renormalized, for 
example by inserting some regularizing operator under the trace. We proceed 
as in section 13] and define the renormalized term W1^{A) as the finite part of a 
zeta-function at zero: 

(\n+l 

WJiiA) =^-J—PJTii{Q-'Ar\D\f^) , (56) 

where |-D|+^^ = \Q*Q\~^ is trace-class for Re(z) sufficiently large, and the zeta- 
function Tr{{Q^-^ A)"-\D\^'^^) extends to a meromorphic function over the entire 
plane by hypothesis on the spectral triple. Obviously = when- 

ever n > p + 1. 

2) Once renormalized, the series Wu{A) — X]^o^ij(^) converges if the op- 
erator norm verifies ||(5~^A||oo < 1- In general this is not true and the series 
definitely diverges. It was of course expected since is the expansion of 
the complex logarithm liiZ{A) around ^ = 0. From now on we treat Wr{A) 
exactly as a formal power series of the gauge potential A. 

We are interested in the behaviour of the series Wu{A) under chiral gauge 
transformations. In general it is not invariant: 

Wr{AS) ^ Wr{A) , (57) 

and the lack of invariance only comes from the renormalized terms W^{A) for 
n < p. In fact we are interested in "smooth" one-parameter families of gauge 
transformations, formalized as follows. Let j2/o(0, 1) be the algebraic tensor 
product of s/q with the algebra C°°(0, 1) of smooth functions over [0, 1] whose 
values and all derivatives vanish at the endpoints [21'. Consider an element 
g € £/o{0, 1)+ in the unitalization of this algebra, with g — 1 E M)(0, 1). g may 
be interpreted as a smooth loop of unitary elements in (or Moo(^o)^ if we 
work with matrix algebras), with basepoint go — gi — I. Important examples 
are provided by idempotent loops: if e £ is a projector, its associated loop 
g — l + (/3— l)e e £/o{0,l)^ is constructed from any invertible function /3 S 
C°°(0, 1)+ with winding number 1 (the Bott generator of the circle). Now given 
any unitary loop 5, fix a background gauge potential A and consider the family 
of gauge-transforms 

A^Aa^{gZ'Qg+-Q)+gZ'Ag+ . 

A is therefore a smooth loop in the space of bounded operators , and 

Q^^A is a loop in ^P+^(i/-|_). Then Wii{A) is regarded as a formal series of 
smooth functions over the circle: 

W'j^{A) £C°°{S^) VnGN. 

The chiral anomaly is the image of Wii{A) under the differential s : C°°{S^) 
57^(5*^). At this point we make some sign conventions which differ from [20] but 
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are more adapted to the physics literature: since A and Q are Hnar operators 
between and they have odd degree. It means that Q anticommutes 
with s (as a constant odd- valued function over the circle), and the differential 
sA is expressed by means of the Maurer-Cartan form uj± = g±^sg± and the 
structure equation (compare with BRS transformations [16'): 

sA = -oj^ {Q + A)-{Q + A)uj+ . (58) 

Write quj = + Q^^u^Q. Then in any degree n > p + 1, using the cyclicity 
of the trace the boundary of W]J {A) — ]¥"■ (A) reads 

sWiA) = -(-)"+iTr(0-is^(0-M)"-i) 

- {-r+'(Tv{quj{Q-'Ar-')+TT{quj{Q-'Ar)) 

Hence, in the sense of formal power series in A the terms Tr(gtj(Q^^v4)") cancel 
each other in the infinite sum J^nyp sW"'{A) due to the alternate signs. For n < 
p however, the regularizing operator destroys the cyclicity of the trace 

and cancellation does no longer holds. Using the abstract pseudodifferential 
calculus, one sees that the renormalized trace applied to a commutator yields 
residues of zeta-functions: 

pf Tr([., ,] li^i;-) = - E ^ n fferry ^^^^ "^""'"''^ ' 
fe>i ■ \ ^ J 

where as usual y^'^^ denotes the fc-th power the derivation ] on y. This is 

actually a finite sum because the zeta-functions are holomorphic at z = for k 
large enough. Hence the boundary of the term W]^{A) for n < p reads 

sW^{A) = (-)"+! P^f (Tr(9c^(Q-M)"-i|i?|;2-) +Tr(gc^(Q-M)"|i?|;2-)) 




n-l 

E Pj (TT{[{Q-'Ay,qu;{Q-'Ar-^-']\D\-^^) 



i=0 

+Tr([(Q-iA)'+i,c.+ (Q-M)"-''-i]|i?|;2-) 
+Tr{[{Q-'Ay, Q-'^^Q{Q-'Ar-^]\D\l'^)) , 

the last three terms being sums of residues. We view sW]^{A) as a polynomial in 
A and to, so that the infinite sum X]n>o ^^Ri^) makes sense as a formal power 
series. Consequently, the terms Tr((7ijj(Q~^A)"|_D|^^^) still cancel each other 
and only the first term Tr(gaj|Z?|^^^) plus the residues remain. The anomaly 
A(cl;, A) — sWb,{A) is thus given by the finite sum of one-forms 

A{uj,A) = Pf Tr(gw|i:>|+2^) + residues G n\S^) , (59) 

and it is a polynomial in A of degree at most p. This may also be depicted 
diagramatically, for example in the case p = 2, as follows: 

Wr{A) = W]^{A) + WliA) + W^A) + W\A)+... 

■\ / \ / \ / \ / \ 

A{uj,A) = AO(w,A) + A^u;,A) + A^uj,A) + + 0... 
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Each A'^{uj,A) is a homogeneous polynomial of degree i in A. Taking the quo- 
tient by the image of s, we may view the anomaly as a de Rham cohomology class 
of degree one A{uj,A) G H^{S^). It is non-trivial in general because it is the 
boundary of a formal power series (and not a convergent sum) in C°°(S'^). In- 
tuitively, the lack of gauge-invariance of Wb{A) originates from the overlapping 
of the vertices • in the renormalized Feynman graphs, whence the "locality" 
of the anomaly. It must also be stressed that renormalization is not unique: 
there are different ways to extract finite quantities WJ^{A) from the regularizing 
operator and this may add finitely many local counterterms (residues) 

to the series Wii{A). Consequently the cocycle sWr{A) will only change by a 
finite sum of boundaries, so that the cohomology class of the anomaly remains 
unchanged. 

The formula A(cj, A) — sWr{A) is completely analogous to the construction of 
the residue Chern character xr = [d, ijn] from the boundary of the renormalized 
eta-cochain (section . The formal power series Wu{A) is simply replaced by 
the improper cochain rjfi. This explains why Theorem 13.51 is called an anomaly 
formula. It is moreover possible to exhibit an explicit correspondence between 
Wji{A) and the renormalized eta-cochain associated to the quasihomomorphism 
((5T|) . The latter has even parity, hence the renormalized eta-cochain (IM]) is odd. 
Since the X-complex of the quasi-free algebra ^ = C reduces to X{C) : C <=^ 0, 
the only non-zero components rj'j^'^^ p* '■ Vl'^^'^^T s/q C are explicitly given by 

r(n -I- 1 1 

7yg^o+i(xodxi...dx2„+i) = J-^- Pf r(i^xo[F,xi]...[^^,X2„+i]|i?r2^) 

where r is the supertrace of operators on H , and F admits the matrix represen- 
tation F = (lo)- The transgressed Chern character (f[i'j^^^{p) — ^^"^^p*7 
is the composite with the Goodwillie equivalence, and yields a linear map 
X{T£/o) ^ C of odd degree. As in section [2] we evaluate it on the Chern 
character of a unitary element g E Afoo(^o)^ such that g—lE Moo(M))- Using 
the linear inclusion ^/q ^ Tsi/q lift g to an invertible element g G Afoo(TM))^- 
Its Chern character chi(g) = --^=Ti-\\g^^dg defines an odd cycle of the complex 

X(T^o). 

Lemma 4.1 The transgressed Chern character (^^^^^{p) : X(T£^q) — > C eval- 
uated on chi(^) = --^=Trl5g~^d^ reads 

where V is the compact operator p{g)^^[F, p{g)] on H. 

Proof: By definition (^^^^^{p) = Vr'^^P*!- In IH] calculated the image of 
the Chern character chi(g) — --^i=^Trl]g~^dg under the Goodwillie equivalence: 

7chi(5) = -i=^(-)"n!Tr(.g-M.g(d.g-'dg)") . 



Since p*{g) = p{g) G J^{H), the evaluation of the above non-commutative form 
on r]Ra~^P* straightforward. ■ 
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For 2n > p the operator \/2n+i jg trace-class and one recovers the non- 
renormahzcd formula 



9h-+^(p) . cM9) = ^7^^ UfV^-^^) . 

V27^^ (2n + Ij! 2 

Now fix the background connection ^ = 0; for any g e Afoo(M))~'' the gauge 
transform A = is given by 

A = 9Z^Qg+ - Q , 

and 1 + Q~^A is invertible. The operator V can be expanded in a formal 
power series in A with no term of degree zero. Indeed one has F = (Jo) 



V 



(l + Q-M)-i-l 
Q-^A 



and(l + (5 ^A) ^ — 1 = X)a:>i(^Q ^A}'^. The rcnormalized eta-cochain reads 



V2^(2n+ 1)! ^=0 + 

and its expansion as a formal power series in A contains only terms of degree 
> 2n + 1 . Consequently, the infinite sum 

9h^(p) • chi(g) = J2 <^R^'iP) ■ Chi (5) (60) 



makes sense as a formal power series in A. The following lemma establishes the 
link with the partition function of the non-commutative gauge theory. 

Lemma 4.2 Let g G Afoo(=e^o)^ be a unitary such that g — 1 G Afoo(^o) o.n-d 
take the gauge potential A = gZ^Qg+ — Q- The renormalized partition func- 
tion Wji{A) coincides with the formal power series c^j^{p) ■ chi(g) modulo a 

counterterm: 

WRiA) + PiA) - V2^i(^j,{p) ■ chiCg) , (61) 

where P{A) is a polynomial in A given by a finite sum of residues, with V = 
(l+Q"'A)-i-l\ . 



M ' 



p(^A) = i y T^r^^^ y ^ Res ^^^^ ^(^2„+l^(fe)|^|-2(.+,c)) 
n>0 ^ ' fc>l ^ ' 

Proof: Note that the operator V = p[g)^\F , p{cj)\ fulfills the flat curvature 
condition [F, V\+V'^ = 0. Our first task will be the computation of ln(l + FV^ 
in the following terms, 

ln(l ^FV) = Y. ■T^^^ (^^'"^' + ^^'"^') ' 



43 



understood as an equality of formal power series in A. To this end, for any 

t € [0, 1] define Fiv = F + tV. One has F^y = 1 + (t^ -t)V^, hence Fiv is 
invertible in the sense of formal power series. Consider the (formal) integral 

1 



dt / duFtve-''''*yV . 
Jo 

We shall compute I by two different manners. First, integrate over u: 

1= f dtFtv{F^v)~^V = r dtF-y^V . 
Jo Jo 

The inverse of Ftv is {F + tVy^ = + tFV))-'^ = (1 + tFVy^F because 
= 1. Hence 

I = J dtil + tFVy^FV = Y^^^^ — {FV)'' = ln{l + FV) 

by expanding the series (1 + tFV)~^ in powers of t. On the other hand, we 
could first expand the exponential of F^y = 1 + (t^ — t)V'^ and then integrate 
over u: 

1= f dt /'" dui^ty V^e-"(t2-t)"y2„+i^y- f dt{e-trFtvV^^+^ . 

Finally, it remains to use the integrals 

Jo (2n+l)! ' io 2(2n + l)! 

to express / as wanted: 

{n\f (pY2n+l , Iy2«+2N 

^(2n+l)!^ ^2 

n>0 ^ ' 

One has 1 + FV = ( ^"'"'^ Let us compute the supertrace 

Ir In ((1 + FV)\D\--^) = In ( ^^^^'^ ^^^^ ) 

= ^TV ln(l + Q-^A)\D\-^^' - ^IV ln(l + Q-iA)-i|£>|;2- 



= Trln(l + Q-M)|£)|;2^ , 

whose finite part at = is precisely the renormalized logarithm Wfl(A). Hence 
we deduce the equality of formal power series in A: 

n>0 ^ + J- ^ 

The terms involving the even powers ]/2n+2 s^^^t^ residues. Indeed, V is 

of odd parity so that T(y2"+2|£)|-2z) = _^(y2n+i|£,|-2^y) cyclicity of the 
supertrace, and we can write 

T(y2"+2|D|-2^) =_i^(y2n+l[|£,|-2^^yj^ . 
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Using the asymptotic expansion of the commutator, one thus has 

Pf r(T/2„+2|^|-2.) ^Aytl^ Res £ii±^ ^(^2„+l^W|^|-2(.+fe)) 

z=o ^ 11^ 2 ^ fc! ^=0 r z + 1) ^ ' ' ' 

k>l ^ ' 

This is a finite sum because the residues vanish whenever A; + 2n > p. Therefore, 
Lemma 14.11 imphes 



(-)^ 



ri>0 ^ ^ fe>l 

Res£ii±^r(F2"+iyW|i?|-2(-+'=)) , 

2=0 r(z + 1) ^ ' ' ' 

where the sum of residues is finite and yields a polynomial in A. ■ 

The above lemma means that the formal series \/27ri 9h^(/9)-chi(g) is nothing 
else but another choice of renormalization for W^(A). The polynomial is 
simply a counterterm. Now, if 5 is a loop of unitaries in the matrix algebra 
M^[s^q)^ with basepoint the identity, the cohomology class of the anomaly is 
represented by 

A(l^, A) = V2^s(9h^(p) • chi(5)) e H\S^) , (62) 

where the invertible loop g in Moo(rj2/o)~'' is the canonical lift of g obtained 
by the linear inclusion jz/q ^ Ts^q. Replacing the universal derivative d by s 
and the supertrace rt] by r, equation (|26p reinterpreted as an equality of formal 
power series in A amounts to 

chK(p) • ^'^ff^ = .s(9h«(p) • chi(g)) , 

whence the identification of cohomology classes A(w, A) = chij(p) • Tr(g^^sg). 
Moreover the left-hand-side is a polynomial in A and depends linearly on w. 
Using Bott periodicity one thus gets 

Corollary 4.3 LeA {£/q,H,D) be a regular finitely summable spectral triple of 
even parity, and let Wr^A) be any renormalization of the partition function 
for the associated chiral gauge theory. Consider a projector e G Moo(^o); o,nd 
the corresponding idempotent loop g — 1 + (/3 — l)e £ Moo(M))(0, 1)^- Then 
the anomaly A(a;,A) = sWr^A) integrated over the loop of gauge potentials 
A = gZ^Qg+ — Q computes the index 

lnd(eDe) ^ — I A(uj,A) eZ. (63) 
2t:i J 

The latter does not depend on the choice of renormalization and is given by a 
local formula (e.g. a sum of residues of zeta- functions). 

Proof: Modulo a coboundary, one has A{uj,A) = chi^(p) • Tr{g^^sg) with the 
canonical lifting g G Moo{T£/o){0, l)"*" of g. Hence integrating the anomaly over 
the circle one gets 

/ A{uj,A) = ^ chnip) ■ f Tiig^^sg) -1= chfl(p) • cso(.g) . 
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Now Bott periodicity (Lemma 4.4 of 21j) implies the equivalence of homology 
classes cso(g) = \/27ri cho(e) in the complex X{T£^q), where e G M^{T.s/q) is 
an idempotent lifting of e. Hence one finds 

A(w,A) = chij(p) • cho(e) = p\[e) 

which is nothing else but the index Ind(eZ3e) G Z. h 

So far the formal power series Wii{A) allowed us to interpret the anomaly 
formula, section[31 but the renormalized determinant Z{A) = Det(l + (5~^A) is 
still not defined. Morally, Z{A) should be the exponential of Wii{A) but we want 
a complex number, not a formal series in A. We shall construct a renormalized 
determinant Zj^(A) by integrating the anomaly along a smooth path of gauge 
potentials A ~ gZ^Qg+ — Q, starting from the background A — 0: 

Note that it is not unique, because the anomaly itself A(a;,A) — sW[i{A) is 
defined modulo the boundary of a finite sum of counterterms. We could as well 
take the anomaly as the boundary of the formal series (^^(p) • chi(^), 

the resulting new determinant would differ from the former only by a phase 
factor involving the counterterms. Let us define ^[0, 1] as the algebraic tensor 
product of ^0 with the space C°°[0, 1] of smooth functions over [0, 1] such that 
all derivatives vanish at the endpoints (while the functions themselves take 
arbitrary values at and 1). We say that a unitary element g G Moo(M))''' 
is homotopic to 1 if there exists a unitary path u G Moo(^o)[0, l]"*" such that 
uo = 1 and ui — g. The renormalized determinant of g is the complex number 

Betnig) exp(\/2^chfl(p) • cso(w)) G , (64) 

where the Chern-Simons form of the canonical lifting ii G Moo(r^o)[0, 1]^ is 
defined as in [2T]: 




cso(u) = ^= / Tr(M~\sM) G T^o 
vStti Jo 

Lemma 4.4 The renormalized determinant Detfl(g) does not depend on the 
unitary path u G Ajfoo(M))[0, 1]^ joining 1 to g, and its logarithmic derivative 
coincides with the anomaly 

, /n — . / N , /-NX sDetR((7) 
s(v^9h^(p)-chi(.9))- '''■■^> 



Detfl(g) 

Proof: First we show the independence of Det/j with respect to the path u. If 
u' G Moo(^)[0, 1]+ is such another path, we form a loop u" with basepoint 1, 
by first going along u up to 5 and then backward along u' up to 1. Hence one has 
the equality of cycles cso(u") = cso(u) — cso(w') in X{T£/q), and the evaluation 
of cso(u") on the renormalized Chern character chi{(p) : X{T£/q) C coincides 
with its evaluation on the p-th dimensional Chern character ch^(p). But ch^(p) 
extends to a cyclic cocycle over the completion oi s/q. Now if we regard u" as 
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a loop of invcrtiblc matrices over the Banach algebra s^^ , by Bott periodicity it 
defines a if-theory class [e] — [po] S ^o'^i-^) for some idempotent e S Mod'^/'^), 
and by Lemma 4.4 of [5T] one gets 

cso(u") — cso(u) — cso(u') = \/27ri clio(e) S HPq{s!/) . 

Therefore evaluation of these cyclic homology classes on ch^(p) yields the num- 
bers 

V2TdchP{p) ■ (cso(m) - cso(m )) = 27rich''(p) • cho(e) e 27rf Z , 

so that the exponential of \/27ri chR(p) ■ cso(u) is independent of u. 
Now compute the logarithmic derivative of the determinant: 



- ,^27ris(chii(/o) • cso(w)) = chj?(/o) • Tr(g sg) . 
DetR{g} 

We conclude from chji{p) ■ TT{g~^sg) — \/2tH s{(fi\j^{p) ■ chi(5)). ■ 

Once we take Yietji{g) as a definition of the renormalized determinant, the 
integral of the anomaly 



Ind(ei:»e) i A(w,A) 

27rz J 



just counts the winding number of the partition function ZrI^A) e around 
the idempotent loop. This proves the result announced in [20j and interprets 
the topological index p\ : Kq°^{£/) ^ Z as a topological anomaly. But the 
renormalized determinant allows to interpret the regulator pt : MKpj^i{s^) 

as well. Recall from [21] that a multiplicative if-theory class of degree 
p + 1 over jz/ is represented by a pair 0) where g is an invertible ele- 
ment of (j^(g)rj2/)+ and is a chain of even degree in the quotient com- 
plex Xp{T£/, Js^) = X{T£/)/Fj^X{T£/) satisfying the transgression relation 
chi{g) = [\d9. Since we work with a dense subalgebra jz/q C jz/ we shall restrict 
to pairs {g, 9) with g e M^{Ts^q)+ and 9 G Xp{T£/, Js/) in the image of Tjz/q : 

Corollary 4.5 Let H, D) he a regular spectral triple of even parity and an- 
alytic dimension p (even). Let the pair {g,9) G MK^_^i{s!/) represent a multi- 
plicative K -theory class, where g G A/oo(T'M))^ the canonical lift of a unitary 
element g £ Moo(^)''' homotopic to 1 and 9 is in the image of Tsi^q. Then 
its evaluation under the regulator map p\ : MKf_^^{£/) C is the complex 
number 

p,Xg,9) = exp(y2^chfl(p) • 9)Bet^^ig) £ C^^ . (65) 

Proof: By hypothesis, there exists a unitary path u G Moo(^o)[0, l]"*" joining 
uo = 1 to Ml = g. Then the pair {g,9) is equivalent to (1,0 — cso(w)) in 
MKf_^_-^{£/), with u G Afoo(?M))[0, 1]+ the canonical lifting of u. By definition 
(see [H]) 

P!(l,0-cso(u)) = (l,chP(p).(0-cso(«))) eMKfiC) . 
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Since the analytic dimension is p we have the equahty of non-periodic cycUc 
cohomology classes ch/j(/9) = c\if{p) in HC^{s2/q). It means that the p-th di- 
mensional Chern character ch^(p), once restricted to the image of Ts^q in the 
complex Xp{Ts^ , J s^), is cohomologous to the renormalized Chern character 
chR(p): 

p/2-l 

ch«(p) = ch»'(p) + 4^T\p)°d 
with the boundary map 9 = tjd on Xp{Ts:/, Jjz/). Therefore 

p/2-l 

chf (p) • {e - cso(u)) = chfl(p) • {e - cso(u)) - ^R^'^if) ■ - cso(u)) . 

n=0 

By hypothesis \\d9 = chi(5) in Xp{Ts:/ , Js:/), and Lemma 4.3 of [5T] implies 
l]dcso(w) = chi(g), whence 

p.Xg,0) = (hchnip) ■ {0 ~ csoiii))) 

at the level of multiplicative ii'-theory classes. Finally, the group isomorphism 
MKf (C) = identifies a pair (1, a) with the complex number exp(V27ri a), 
for any a G C. Thus 

p\{g,9) = exp (V27richfl(p) • (6* - cso(u))) 
= exp(V27ri chflX/d) • 9) Det^^(5) 

as claimed. ■ 

Remark, as it should be, that the complex number p\{g,9) does not depend 
on the renormalization chosen for the Chern character ch/j(/9), because the phase 
factor exp(\/27rl chfl(p)-0) automatically absorbs any change in the renormalized 
determinant. This was expected since the regulator map MK^_^i{£/) — is 
canonically defined. The fact that it is a morphism of abelian groups allows 
also to interpret the multiplicative anomaly: for two gauge transformations 
g,h € Moo(»e/o)^ the renormalized determinant fails to be multiplicative: 

Detnigh) ^ Detfl,(g)Deti?(/i) . (66) 

This lack of multiplicativity is compensated by the phase factor in (|65p . Us- 
ing the equivalence relation on multiplicative if -theory yields an explicit for- 
mula. Let g, h and gh G Moq{T£/q)^ be the canonical liftings of g, h and 
gh respectively. The difference gh — gh thus lies in the pro-nilpotent ideal 
Moo(J^/o) C Moo(f^o), the product h^^g^^'gh lies in 1 -f Moo(JM)) and its 
logarithm given by the usual power series defines an element 

\n{h'^g^^gh) e Moo(J^o) • 

Corollary 4.6 Let {.s^/q, H, D) be a regular spectral triple of even parity and 
analytic dimension p, with renormalized Chern character chfl(p) : Ts/q —t C. 
Let g,h € Moo (=2^)'*' be two unitary elements homotopic to 1. The multiplicative 
anomaly is given by the formula 

Betnigh) = exp (chB(p) • Tr \n{h-^g-^^)) Detfl(5)Detfl(/i) . (67) 
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Proof: Because g and h are homotopic to 1 there exist chains 9 and 9' in the 
complex Xp{T£/ , such that {g,9) and {h,9') represent multiplicative K- 
theory classes in MK^^i{£/). Their sum is represented by the pair 

ig,9) + {h,9') ^{g®h,9 + 9') . 

Using rotation 2x2 matrices, one shows as in [21 that {g ® h,9 + 9') and the 
pair (g/i, 9 + 9') represent the same multiplicative if-theory class. Now consider 
the linear homotopy 

Ut = t gh + {\ — t)gh ~ gh + t[gh — gh) 

for t G [0, 1]. Since gh — gh lies in a pro-nilpotent ideal, u defines an invertible 
path in Moo(TM))^ .joining uq = gh to ui = gh. Its inverse is given by the 
series 

V' = Y.^-t)^^h-'9''9h-l)^h-'g-' . 

The Chern-Simons form associated to ii thus reads (to be correct one should 
transform the variable i by a smooth bijective function [0, 1] [0, 1] with all 
derivatives vanishing at the endpoints) 

V2^cso(u) = / TT{u-hu) ^ Y f dt(-0"Tr((/i-ig-i^- 

= Trln(/i-ig-i^) 

and the pair {gh,9 + 9') is equivalent to {gh,cso{u) +9 + 9') in MK-jf_^_i{.s/). 
One has 

p,{g + h,9 + 9') = exp(V2^chfl(p) • {9 + 9'))Bet^\g)I)et]^\h) , 
piigh, cso{u) + 9 + 9') ^ 

exp (chfl(p) • (TrlnCh-^g-^'gh) + V2^i{9 + 9'))) Bet ^\gh) , 

hence equating these numbers yields the desired result. h 

Example 4.7 We look at a simple two-dimensional example. Let M be a 
closed spin manifold of dimension p ^ 2, and E M be a hermitian vector 
bundle with unitary connection V : C°°{E) C°°{T*M ^ E). We take Dq : 
C°° {S (E) E) C°° {S (E) E) as the twisted Dirac operator acting on the sections 
of spinors with coefficients in E, i.e. Dq is built from the spin connection on 
S and V on E. Proceeding as in Example 13.61 we extend Dq to an invertible 
selfadjoint operator D on the Hilbert space H — Ho(BHq, with Hq = L?'{S®E), 
and define = C"^(End(i?)) as the algebra of smooth endomorphisms of E. 
In particular jz^q is Morita equivalent to the commutative algebra C°°{M) and 
is represented on H by acting only on the first summand i?o- The spectral 
triple {£/o,H,D) has analytic dimension p = 2 and the renormalized Chern 
character ch/j(p) : Tj^/q — > C is a 2-dimensional trace which reads, through the 
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isomorphism of pro- vector spaces Tj^/q = CI'^j^/q, 

chfl(p)(ao) / tr(aoV2) , 

2vri Jm 

1 /■ 1 

chR{p){aodaida2) = — / -tr(ao[V, oi] [V, 02]) 

for any at £ s^q. Here G C'^{t^T*M ® End(i?)) is the curvature two-form 
of the connection, and tr is the trace of endomorphisms. Let g g s^q be a 
unitary endomorphism of E (gauge transformation) homotopic to the identity, 
and choose a path u g ^o[0, 1] of unitary endomorphisms from the identity to 
g (here we don't need to pass to unitahzed algebras since s^q is already unital). 
The renormalized determinant of g is given in terms of the Maurer-Cartan form 

Detfl(5) = exp ^tr(wV2 + 1 ^-^[V, g] [V, w])) . 

The integral of the chiral anomaly under the exponential is known in the physics 
literature as a Wess-Zumino action [57j, while lo is the Faddeev-Popov ghost J^. 
For two gauge transformations g, h homotopic to the identity the multiplicative 
anomaly given by CoroUarv 14.61 reads 

Detnigh) = exp (^_^^ ^tr(/i"ig-i[V,(?][V,/i])) DetRig)DetR{h) . 
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